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Nazev prace: Obecna relativita ve vyssich dimenzich 

Autor: Tomas Malek 

Ustav: Ustav teoreticke fyziky 

Vedouci disertacni prace: Mgr. Vojtech Pravda, PhD., Matematicky ustav 
Akademie ved CR, vvi. 

Abstrakt: V prvni casti teto prace analyzujeme Kerrovy-Schildovy a rozsifene 
Kcrrovy-Schildovy metriky v kontextu vi'cerozmerne obecne relativity. Pomoci 
zobecneni Newmanova-Penroseova formalizmu a algebraicke klasifikace Weylova 
tensoru, zalozene na existenci a nasobnosti jeho vlastnich nulovych smeru, do 
vyssich dimenzi jsou studovany geometricke vlastnosti Kerrovych-Schildovych 
kongruenci, urceny kompatibilni algebraicke typy a v expandujicich pfipadech 
diskutovana pfitomnost singularit. Uvedeme take znama pfesna feseni, ktera Ize 
prevest na Kerruv-Schilduv tvar metriky a zkonstruujeme nova reseni pomoci 
Brinkmannova ,,warp produktu". V dnihc casti tcto prace uvazujcmc vliv kvan- 
tovych korekci sestavajicich se z kvadratickych invariantii kfivosti na Einsteinovu- 
Hilbertovu akci a studujeme pfesna feseni techto kvadratickych teorii gravitace 
V libovolne dimenzi. Nalczncmc tf idy Einsteinovych prostorocasu a prostorocasu 
s nulovym zafem'm splhujici vakuove polni rovnice a uvedeme pfiklady techto 
metrik. 

Klicova slova: algebraicka klasifikace, gravitace ve vyssich dimenzich, Kerrovy- 
Schildovy metriky, kvadraticka teorie gravitace 
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Abstract: In the first part of this thesis, Kerr-Schild metrics and extended Kerr- 
Schild metrics are analyzed in the context of higher dimensional general relativ- 
ity. Employing the higher dimensional generalizations of the Ncwman-Penrose 
formalism and the algebraic classification of spacetimcs based on the existence 
and multiplicity of Weyl aligned null directions, we establish various geometri- 
cal properties of the Kerr-Schild congruences, determine compatible Weyl types 
and in the expanding case discuss the presence of curvature singularities. We 
also present known exact solutions admitting these Kerr-Schild forms and con- 
struct some new ones using the Brinkmann warp product. In the second part, 
the infiuence of quantum corrections consisting of quadratic curvature invariants 
on the Einstein-Hilbert action is considered and exact vacuum solutions of these 
quadratic gravities are studied in arbitrary dimension. We investigate classes of 
Einstein spacetimes and spacetimes with a null radiation term in the Ricci tensor 
satisfying the vacuum field equations of quadratic gravity and provide examples 
of these metrics. 
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Chapter 1 



Introduction 



Almost a century ago, it was Einstein's great insight that gravity as a universal 
force could be described by a curvature of spacetime consisting of one time and 
three spatial dimensions that has led him to formulate the famous Einstein field 
equations of general relativity. Although since then the validity of general rel- 
ativity has been confirmed by many experiments, it breaks down at the Planck 
scale and is expected to emerge as a low energy limit of a full theory of quantum 
gravity, whatever that is. 

In recent years, growing interest in higher dimensional general relativity and 
black hole solutions within this theory [l] has been influenced by several fields 
including string theory which contains general relativity and consistency of which 
requires an appropriate number of extra dimensions. Let us also mention higher 
dimensional supergravity theories, the AdS/CFT correspondence relating string 
theory in an ra-dimensional anti-de Sitter bulk spacetime with conformal field 
theory on the lower dimensional boundary and various brane-world scenarios 
considering that our four-dimensional universe lies on a brane embedded in a 
higher dimensional spacetime. 

However, motivations for studying higher dimensional general relativity also 
come from this theory itself since it turns out that it exhibits much more richer 
dynamics then in the four-dimensional case. Let us point out, for instance, the 
existence of black rings or other black objects with various non-spherical horizon 
topologies leading to the violation of the four-dimensional black hole uniqueness 
theorem in higher dimensions. 

In n dimensions, general relativity can be described by the Einstein-Hilbert 
action with a Lagrangian £matter of matter fields appearing in the theory 



where A is a cosmological constant and K = ^ is Einstein's constant given 




(1.1) 
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1.1. Newman— Penrose formalism 



by Newton's gravitational constant G and the speed of light c so that the non- 
relativistic limit in four dimensions yields Newton's gravity. Using geometrized 
units G = c = 1, the variation of the action (1.1) with respect to the metric leads 
to the Einstein field equations 

Rab - ^Rgab + ^Qab = 8nTab, (1.2) 

where the energy-momentum tensor Tab is given by the variation of the matter 
field Lagrangian ^matter 



'-ab 



2 S {y/— 9 ^matter) 



From the trace of (1.2), one may express the Ricci scalar as 



(1.3) 



^^_m^ (1,4) 

n-2 n-2 " ^ ' 

and then substituting back, the Einstein field equations can be rewritten to the 
equivalent form 

2A Stt , , ^ 

Rab = 7;9ab + SnTab -T ^Qab- (1.5) 

n — 2 n — 2 

In this thesis, we are mainly focused on Einstein spacetimes for which the 
Ricci tensor is proportional to the metric and with regard to (1.5) we define them 
by 

2A , , 

Rab = 7;9ab- (1-6) 

n — 2 

Occasionally, we also consider spacetimes with null radiation whose energy- 
momentum tensor Tab is of the form 

Tab = ^Lib, (1.7) 

where £ is a null vector. 

The increasing attention to higher dimensional general relativity has also led 
to the effort to generalize methods successfully applied in four dimensions such 
as the Newman-Penrose formalism and algebraic classification briefiy reviewed 
in the following sections. 



1.1 Newman— Penrose formalism 



In this thesis, we frequently employ the higher dimensional generalization of the 
Newman-Penrose (NP) formalism developed in [2, ] along with the algebraic 
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classification of tlie Weyl tensor based on tlie existence of Weyl aligned null 
directions (WANDs) and their multiplicity outlined in the following section 1.2. 
In this section, let us mention the basic concepts of the NP formalism and list 
some necessary definitions and relations. 

In four dimensions, the NP formalism provides a useful tool that has been 
successfully applied to construct exact solutions or prove theorems of general 
relativity. Although the number of equations is greater than in the standard co- 
ordinate approach with the Einstein field equations, these differential equations 
are only of the first order and some are redundant. Moreover, the advantages 
of the NP formalism arise in connection with the algebraic classification if one 
assumes a special algebraic type or if one works in a frame reflecting some sym- 
metry. It then leads to considerable simplifications since many of the components 
vanish. 

First of all, let us mention the convention for indices. Throughout the thesis 
we mainly use two types of them. Latin lower case indices a,b, . . . going from 
to n — 1 mostly denoting the vector components and Latin lower case indices 
i,j, . . . that range from 2 to n — 1 mostly numbering the spacelike frame vectors. 
Especially in chapter 3, we also employ indices z, J denoted by tilde running from 
3 to 72 — 2 to indicate that m^*) does not include m^'^\ Only in exceptional cases 
when we construct a metric in (n + 1) dimensions, the indices t, j range from 2 
to n as will be properly emphasized. 

A complex null tetrad consisting of two real null vectors £, n and two complex 
conjugate null vectors m, m plays a key role in the four-dimensional NP formal- 
ism. However, such a complex frame cannot be constructed in odd dimensions 
and thus, in n-dimensional spacetimes, it is convenient to introduce a real null 
frame consisting of two null vectors n = m^°\ £ = m^^-* and n — 2 spacelike 
orthonormal vectors m*^*) obeying 

n^Ua = tia = n'^m^f' = Tm^ = 0, = 1, m^^^^m^^) = 6ij. (1.8) 

Although only two of the frame vectors m^"'^ are null, we often refer to such 
a frame (1.8) as a null frame. Due to the constraints (1-8) the metric can be 
expressed in terms of the frame vectors as 

gab = 2n^ah) + 6ijm^:^mi'K (1.9) 

The relations (1-8) remain valid and consequently the form of the metric (1-9) 
is preserved if one performs Lorentz transformations of the frame. An arbitrary 
action of the Lorentz group on the vectors m*^") can be described in terms of null 
rotations with n or £ fixed, boosts in the plane spanned by n and £ and spatial 
rotations as follows [2]. Under null rotations with £ fixed the frame is transformed 
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as 

£ = £^ h = n + Ziiri'^^ - ]^z'^£, rfi^'^ = m^'^ - Zi£, (1.10) 

where Zi are real functions and z"^ = Ziz'^, whereas null rotations with n fixed are 
obtained just by interchanging £ 4-> n. Boosts of the frame can be expressed as 

£ = \£, h = \-^n, rh^*^ = m«, (1.11) 

where A is a real function. Spatial rotations are generated by [n — 2) x [n — 2) 
orthogonal matrices X^j 

£ = £^ h = n, m^^) =X^m(^). (1.12) 

i 

The Ricci rotation coefficients Lab, Nab and Mab are defined as frame compo- 
nents of covariant derivatives of the frame vectors 

= L,am'f^m^^\ na;b = N,,m''^mf\ m% = Mcdm^^mf\ (1.13) 

From (1.8) it follows that some of the Ricci rotation coefficients are related to 
others or even vanish 

i 

Loa = 0, Lia = —Noa, Lia = — Moa, 

1.14 

1 i J 

Nla = 0, Nia = -Mia, Mja = -Mia 

i i 

and therefore we consider only Lio, Ln, Lu, Ljo, Ln, Lij, Nio, Nn, Nij, Mjo, Mji 

i 

and Mjk as independent. Note that, in n dimensions, the number of independent 
components is n'^{n — l)/2. In four dimensions, these Ricci rotation coefficients 
correspond to the twelve complex spin coefficients denoted by Greek letters. 

However, in certain special cases, the number of independent coefficients can 
be further reduced by an appropriate choice of the frame vectors. For instance, 
since 

ia;bi' = L,oL + L,om^:\ (1.15) 

the coefficients Ljo vanish if the frame vector £ is geodetic, i.e. ia;b£'' oc ia. More- 
over, if £ is also affinely parametrized then ia;b£'' = and consequently Lio = 0. 
In the case that £ is geodetic and affinely parametrized, one may still perform 
boosts and spins to transform the frame vectors n, m^'^^ to be parallelly trans- 

i 

ported along the geodesies £ and thus A^jo and Mjo vanish. Alternatively, in 
Kundt spacetimes, appropriate boost and spins always lead to 



Lm = 0, Li2 7^ 0, Lii = 0, 



(1.16) 
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as it is shown in section 2.5. 

The directional derivatives along the frame vectors are denoted as 

D = rVa, A = n^Va, 5, = ml^Va (1.17) 

and one can straightforwardly show that the commutators of these derivatives 
satisfy [4] 

AD - DA = LnD + LiqA + - N^^d,, 
5iD - D5i = {Lu + NiQ)T) + LioA + {L^, - Mjo)Sj, 

(1.18) 

5iA - A6i = NiiD + {Lii - Lu)A + {Ny, - Mji)6j, 

5i5j - 6j6i = {Nij - Nji)D + {Lij - Lji)A + (M^ - Mkj)Sk- 

Lorentz transformations of the frame act on the Ricci rotation coefficients in 
the following way [ ]. Under null rotations with £ fixed (1.10), the Ricci rotation 
coefficients transform as 

Lu = Lii + Zi{Lii + Lii) + ZiZjLij — -z'^Liq — -z'^ZiLio, 



Lio — LiQ + ZiLiQ, Lii — Lii ~~ ZiLiQ + ZjLji — ZiZjLjQ, 

1 
2 



1 2. 



Lii — Lii + ^jLij — —z Lio, LiQ — LiQ, Lij — Lij — ZjLiQ, 



j I 

Nil = Nil + ZjNij + ZiLii + ZjMii - ^z'^iNio + Lu) + ZiZj{Lij + Lji) 

+ ZjZkMik ~ '^z^{ziLiQ + ZjLij + ZjMio) + ZiZjZ^Ljk 

If 1 \ 1 

+ ( -ZiZjLjQ + -z'^LiQ j + Azi + Zj6jZi - -z'^Bzi, (1.19) 

j 1 2 

NiQ = NiQ + ZiLiQ + ZjMio + ZiZjLjQ — LiQ + TiZi, 

k k 

Nij = Nij + ZiLij - ZjNiQ + ZkMij - Zj{ziLiQ + ZkMiQ) + ZiZkLkj 

1 2 1 2 

~ 2^ "^^i ~ ^i^j^kLko + ~z ZjLiQ + ^jZi — ZjDzi, 

* i i 1 i 

Mji = Mji + 2zijLi]i + ZkMjk + '^ZkZ^jLii^k - ^z'^MjQ - z'^z^Lip, 

i . i . 

MjQ = Mjo + 2zuLip, Mjk = Mjk + 2z[jLj]fc - ZkMjQ + 2zkZ[iLj^Q, 
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whereas null rotations with n fixed are obtained by interchanging L ^ N and 
0^1. Under boosts (1.11), we obtain [3] 

Lii = A ^Lii + A ^AA, LiQ = XLiq + DA, Ln = Ln, 
Lii = Lii + A "^5jA, = A^Ljo, Lij = XLij, 

(1.20) 

Na = X'^Na, Nio = Nio, N,j = X~'Nij, 

i . i . i . 

Mji = X^^Mji, Mjo = XMjo, = Mjk- 

Finally, spatial rotations (1.12) transform the Ricci rotation coefficients as [3] 



Lu 


— Lii, LiQ 


— LiQ, Lii — X^jLij, 


Lii 


= X'jLji, 


Lio = X'^jLjQ, Lij = X^f^X\Lki, 


N^o 


= x^iV,o, 


M,i = X\X',Mn + X\AX\, 


N., 


= X\X\Nki, 


M,o = X\X^,Mio + X\I)X\, 


Na 


= X^iV,l, 


i . . I 

Mjk = X\X^^X nMmn + X^^X n^nX\ 



For geodetic £, it follows from (1.19) that the optical matrix Lij is invariant 
under null rotations with £ fixed. Thus, Lij has a special geometrical meaning 
and can be split into three quantities, its trace 9, traceless symmetric part aij 
and anti-symmetric part Aij 

Sij = L(^ij^ = (Tij + dSij^ Aij = L^ij-^, (1.22) 

that are related to the expansion, shear and twist of the geodetic null congruence 
£, respectively. The corresponding expansion, shear and twist scalars are defined 
as ^ 

9 = ^ _ '^^ = ^ij^ijy = ^ij^ij- (1-23) 

If the geodetic null congruence £ is also affinely parametrized, the following iden- 
tities could be useful 

^ -a -^M, ^a;b^ LijLij^ ^a;b^ -^ij-^ji (-^"24) 

and therefore 
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The NP formahsm can be completed expressing the frame components of the 
Ricci identities 

Va;bc - Va-cb = R'^abc'^d, (1.26) 

apphed on ah frame vectors v"" = n°, '^"2)5 • • • 5 ''^^n-i)' frame compo- 

nents of the Bianchi identities 

Rab[cd;e] = 0. (1.27) 

However, we do not hst them all since, in this way, one obtains many lengthy 
expressions which can be found in [3] and [2], respectively. Here we present only 
one of the possible contractions of the Ricci identities with the frame vectors, 
namely 

iia;bc - ia;cb) m^,) t m^^ = R'^.J^mf^ t m\^, (1.28) 

leading to [3] 

k 

DLij — SjLiQ = LioLij — Ljo(2Lij + A^^o) ~ L^Ljq + 2Lk[Q\Mi\j] 

k 1 
— Lik{Lkj + Mjo) — Coioj — - — ^Roo^ij- (1-29) 

If the null vector field £ is geodetic and affinely parametrized then (1.29) reduces 
to the Sachs equation that for spacetimes of algebraic type I or more special, i.e. 
Coioj = see table 1.1, with Rqq = including e.g. Einstein spaces takes the 
simple form 

D-^ij = —LikL^j. (1.30) 

In chapter 2, this equation allows us to express an explicit form of the optical 
matrix Ljj for expanding Einstein generalized Kerr-Schild spacetimes. 

1.2 Algebraic classification of the Weyl tensor 

In this section, we outline one of the basic tools used in the following chapters, 
namely the algebraic classification of the Weyl tensor in higher dimensions based 
on the existence of preferred null directions and their multiplicity. Further details 
can be found in [5-7], see also [8] for an introductory review. 
In n > 3 dimensions, the Weyl tensor is defined as 

2 2 

Cabcd = Rabcd 7; \ga\cRd]b — QblcRdla) + 7 TV} W:R9a\cgd]b (1-31) 

— 2 ^ ' [n — l)[n — l) 



and inherits all the symmetries of the Riemann tensor, moreover, it is completely 
traceless. Obviously, the Weyl tensor contains all information about the curvature 
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in Ricci-flat spacetimes and therefore it is considered as the part of the Riemann 
tensor describing pure gravitational field. Note also that two spacetimes related 
by a conformal transformation have the same Weyl tensors. 

One of the equivalent approaches to algebraic classification of the Weyl ten- 
sor in four dimensions is based on the properties of the principal null directions 
(PNDs). Every four-dimensional spacetime admits exactly four discrete PNDs 
and the Petrov type is determined by their multiplicity. Other equivalent clas- 
sifications can be formulated in terms of two-forms, spinors or scalar invariants, 
see e.g. [:)]. 

Only the algebraic classification of the Weyl tensor generalizing the four- 
dimensional Petrov classification based on the existence of preferred null direc- 
tions developed in ['>] has been successfully formulated in arbitrary dimension. 
Note also that the spinorial approach in five dimensions established in [10] is not 
equivalent to the null directions approach neither to the spinorial classification in 
four dimensions [ii]. 

First, let us introduce the following definitions. If some quantity q transforms 
under boosts (1.11) as 

q = rq (1.32) 

we say that q has a boost weight w. Therefore, the null frame vectors £, n have 
boost weight 1 and —1, respectively, and the spacelike frame vectors m*^*-* are of 
boost weight zero. It then follows that every index contributes to the boost 
weight of the given frame component by one, whereas each index 1 decreases the 
boost weight by one, for instance, the components Coioi have boost weight 1. It 
is also convenient to define the following operation reflecting the symmetries of 
the Riemann tensor ^ 

T{pqrs} = - {T[ab]lcc[l + T[cd]lab]) , (1.33) 

which allows us to express the frame components of the Weyl tensor more com- 
pactly. Such symmetries immediately imply that the maximal boost weight of 
the Weyl tensor components is 2 and the minimal boost weight is —2. 

Next, using (1.33), we decompose the Weyl tensor into the frame components 
and sort them according to their boost weight 

boost weight 2 



Cabcd = 4Coioj n^am^^^n^m!-^^ 



boost weight 1 
A. 



SCoioi n^ahricm'-^y + 4:Coijk n{arrS^''m^^'>rri~^^ 
+ 4Coioi n{JbnJd} + 4:Couj ni^a^brn^c^rnj^ 
+ n|„m«4mg) + C,,ki m^llm^^^m^^^m^^ 



> boost weig ht (1-34) 
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"d} ^ '^^\-i3k^{a"% ""c ""4 
V ' 

boost weight —1 

V ' 

boost weight —2 

However, some of these components are redundant due to the remaining symme- 
tries Ca[hcd] and tracelessness of the Weyl tensor leading to the additional relations 



Coioi — 0, Coioj — Coijjj CQ[ijk] — 



Coioi = Cqui, Ci[jki] = 0, Coiij = —-Cikjk + 2^oiii5 (1.35) 
Colli = ~Ciiji, Ci[ijk] = 0, Ciiii = 0, 

which reduce number of independent frame components of the Weyl tensor. 

Choosing the vector £ such that as many as possible leading terms in (1.31) 
vanish, the highest boost weight of the remaining components determines the 
primary algebraic type and we say that £ is a Weyl aligned null direction (WAND). 
Effectively, one may choose an arbitrary null frame and if none of the null frame 
vectors is just a desired WAND perform null rotations with n fixed (1.10) to find 
£ that transforms away the highest possible number of the components. 

If there is no WAND £, i.e. there is no frame with all boost weight 2 com- 
ponents Coioj vanishing, the spacetime is of general Weyl type G. If all boost 
weight 2 components vanish and some of the boost weight 1 components are non- 
zero the spacetime is of type I. Types II, III and N are determined by vanishing 
components of all corresponding boost weights up to 1, 0, or —1, respectively, 
and £ is then referred to as a multiple WAND. Type O denotes conformally flat 
spacetimes with the Weyl tensor completely vanishing. Using the relations (1.35), 
the conditions on the frame components of the Weyl tensor determining primary 
algebraic type are summarized in table 1.1. 

Note that the Bel-Deveber criteria generalized to higher dimensions in [12] 
are equivalent conditions to those ones given in table 1.1 involving only the null 
vector £ and thus construction of complete null frame in not required. 

Although in [ j] the notion algebraically special spacetimes means spacetimes 
of Weyl type I or more special, in subsequent papers and also in this thesis, 
spacetimes are denoted as algebraically special if they admit a multiple WAND, 
i.e. spacetimes of Weyl type II or more special similarly as in the four dimensional 
case. 

Having established the primary type, similarly we introduce secondary types. 
Using null rotations with the WAND £ fixed (1.10) one may find a WAND n such 
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Table 1.1: The conditions on the frame components of the Weyl tensor determin- 
ing primary algebraic type of a spacetime. 



Weyl type vanishing components of the Weyl tensor 



G 


j : 


Coioj 7^ 






I 


Coioj 


= 






II 


Coioj 


= Coijk = 






III 


Coioj 


= Coijk = 


Cijki 


— Coiij — 


N 


Coioj 




Cijki 


= Coiij = Ciijk 



that as many as possible trailing terms in (1-31) vanish. The lowest boost weight 
of the remaining components determine the secondary algebraic type. If n is a 
simple WAND we denote by Ij, Ilj and Illj the subtypes of the corresponding 
types I, II and III, respectively. Type D is defined as a subtype of the primary 
type II with n being also a multiple WAND and thus only the boost weight zero 
components of the Weyl tensor are non-vanishing. 

Note that an additional subclasses can be defined, for instance, type Ill(a) is 
a subclass of type III with Cioii = and thus the Weyl tensor takes the form 

Cabcd = ^Cujk i{am'i^ml^^mf^ + AC^u £{am«4m^^. (1.36) 

In chapter 4, we introduce other subclasses of type III, namely types III(A) and 
III(B) depending on whether the quantity ^CujkCiijk—CioiiCioii is non- vanishing 
or vanishing, respectively. Obviously, type Ill(a) is a subclass of type III(A). 

Finally, let us recall the differences of the algebraic classification based on 
the existence of preferred null directions and their multiplicity in four and higher 
dimensions. In four dimensions, every spacetime admits exactly four discrete 
PNDs. The most general algebraic type is type I and if two or more PNDs 
coincide we say that a spacetime is algebraically special. On the other hand, 
in higher dimensions, a spacetime admits no, a finite number or a continuous 
family of WANDs and thus new general type G arises. Types I, II and III in four 
dimensions correspond to types Ij, Ilj and Illj in higher dimensions, respectively. 

1.3 Goldberg— Sachs theorem 

Let us briefly comment on the validity of the Goldberg-Sachs theorem in higher 
dimensions. In four dimensional general relativity, the Goldberg-Sachs theorem 
states that an Einstein spacetime is algebraically special if and only if it admits a 
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congruence of non-shearing null geodesies. Such congruence then corresponds to 
the PND. In four dimensions, this theorem is useful when searching for new exact 
solutions and, for instance, it has led to the discovery of the Kerr black hole. How- 
ever, the statement of the Goldberg-Sachs theorem cannot be straightforwardly 
generalized to higher dimensions. 

It has been shown that a multiple WAND of Weyl type III and N Ricci-fiat 
spacetimes is geodetic [2]. This result holds also in the case of Einstein spacetimes. 
A multiple WAND of "generic" type II and D Einstein spacetimes is also geodetic, 
nevertheless there exit type D spacetimes that admit a non-geodetic multiple 
WAND [13]. However, it was shown in [11] that an Einstein spacetime admitting 
a non-geodetic multiple WAND also admits a geodetic multiple WAND. 

It also turns out that there exist shearing multiple WANDs. An example of 
such spacetime, namely the Kerr-(anti-)de Sitter black hole, is discussed in section 
2.6.5. This fact suggests that the shear-free condition should be weakened. Let 
us point out, for instance, the result of chapter 2 that the optical matrix Lij of 
expanding Einstein generalized Kerr-Schild spacetimes takes the block-diagonal 
form (2.137) with 2x2 blocks (2.138) and therefore there is no shear in any planes 
spanned by pairs of the spacelike frame vectors corresponding to the 2x2 blocks 
of the optical matrix. Note also that the optical matrices of all type N Einstein 
spacetimes are of this form with just one 2x2 block [2]. 

1.4 Brinkmann warp product 

Solving the Einstein field equations is a rather complicated task, especially in 
higher dimensions. It would be convenient to have a method for generating new 
solutions from the already existing ones. The Brinkmann warp product [' ] is 
one of such methods allowing construction of n-dimensional Einstein spacetimes 
from known (n — l)-dimensional Ricci-flat or Einstein metrics. 

Although gravity in higher dimensions exhibits much richer dynamics due to 
the existence of extended black objects with a same mass and angular momentum 
but with different horizon topologies such as black strings, black rings, black 
Saturns, etc., forbidden by the no-hair theorem in four dimensions, some of the 
known four-dimensional exact solutions still have no higher dimensional analogue 
which may be obtained using the Brinkmann warp product. 

For instance, a higher dimensional C-metric is unknown unlike the four dimen- 
sional case and moreover it cannot belong to the Robinson-Trautman class [16] 
of spacetimes admitting expanding, non-shearing and non-twisting geodetic null 
congruence. However, an example of five-dimensional C-metric is presented in [17] 
using the Brinkmann warp product. 

We employ the Brinkmann warp product in section 2.5.2 not only to generate 
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solutions with one extra dimension but also in order to introduce a cosmological 
constant to Ricci-fiat solutions. Thus we construct examples of higher dimen- 
sional type N Einstein Kundt spacetimes from higher dimensional type N Ricci- 
fiat Kundt metrics belonging to the class of spacetimes with vanishing scalar 
invariants and from four-dimensional type N Einstein Kundt metrics. In section 
2.6.7, we also present a few examples of expanding warped metrics such as a 
rotating black string constructed from the higher dimensional Kerr-(A)dS black 
hole. Taking the Minkowski and Schwarzschild metric as a seed one may also ob- 
tain Randall-Sundrum brane model and Chamblin-Hawking-Reall black hole on 
a brane, respectively. Unfortunately, application of the Brinkmann warp product 
has certain limits. As we mention below, the sign of cosmological constant of the 
warped metric is not entirely arbitrary and, in some cases, a naked singularity 
may be introduced to the spacetime. 

It has been shown in [10] that using an {n — l)-dimensional Einstein metric 
as a seed dS^, we can construct an n-dimensional Einstein metric ds^ 

ds'' = -^dz^ + f{z)ds^ (1.37) 

with the warp factor f{z) given by 

f{z) = -\z^ + 2dz + b, (1.38) 

where the cosmological constant A of the n-dimensional warped Einstein metric 
is introduced via A = (^n-i){n-2) ^' constant parameters subject to 

R= {n-l){n-2){\b + £), (1.39) 

where R is the Ricci scalar of the {n — l)-dimensional seed metric ds^. Note that 
in the case R = R = 0, the warp product reduces to the trivial direct product of 
a seed metric with a one-dimensional fiat space dz"^. 

Since we consider only Lorentzian metrics the warp factor f{z) has to be pos- 
itive. Note that the Ricci scalar R of the seed is proportional to the discriminant 
of the quadratic equation f{z) = and the Ricci scalar R = = n{n — 1)A 
of the warped metric is proportional to the quadratic term of f{z) =0 with the 
opposite sign. Therefore, it is obvious [17] that only the combinations of signs of 
the Ricci scalars R and R listed in table 1.2 are allowed. 

Several useful statements about Weyl types of the warped metrics have been 
given in [17]. It turns out that if the Weyl tensor of the seed metric ds^ is 
algebraically special, i.e. of Weyl type II or more special, then the warped metric 
ds^ is of the same Weyl type. On the other hand, seed spacetimes of the general 
Weyl type G lead to warped spacetimes of types G, Ij or D and finally a seed of 
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Table 1.2: Allowed combinations of signs of the Ricci scalar R corresponding to 
the seed metric ds^ and of the Ricci scalar R corresponding to the warped metric 
ds^ (1.37). 





i? < 


i? = 


i? > 


^ < 


/ 


X 


X 


^ = 


/ 


/ 


X 


^ > 


/ 


/ 


/ 



the Weyl type I yields warped metrics of types I or Ij. It was also shown in [17] 
that the Brinkmann warp product introduces a curvature or parallelly propagated 
singularity to warped spacetimes ds^ at any point where the warp factor vanishes 
f{z) = 0. Only in the cases when both metrics ds^ and ds^ are Ricci-flat R = 0, 
i? = or Einstein with negative cosmological constants R < 0, R < the warp 
factor f{z) does not admit roots and therefore such spacetimes are free from this 
kind of singularities. 

Let us conclude this brief summary of properties of the Brinkmann warp 
product by listing a few expressions that are employed in sections 2.5.2 and 
2.6.7. The warped metric (1.37) can be rewritten by an appropriate coordinate 
transformation to a different form that could be more convenient in certain cases. 
Two such forms are given in [17] and both depend on the combination of the 
signs of the Ricci scalars R and R. Using one of the possible transformations, 
one may put the metric (1.37) to the form conformal to a direct product 



A > : 


ds' 


= cosh ^{VXx){dx^ + ds^) 


^ > 0, 


(1.40) 


A = : 


ds' 


= dx"^ + ds^ 


^ = 0, 


(1.41) 




ds' 


= 2e2"(da;' + dS^) 


^ > 0, 


(1.42) 


A < : 


ds^ 


= cos"^(v^a;)(dx^ + ds^) 


^ < 0, 


(1.43) 




ds' 


= {-Xx^)-\dx^ + ds^) 


^ = 0, 


(1.44) 




ds^ 


= sinh^^(-\/— Ax)(dx^ + ds^) 


^ > 0, 


(1.45) 



where R and A are related by |-R| = {n — l)(n — 2)|A| apart from (1.42) where 
R = {n — l)(n — 2). A different form can be obtained from (1.37) employing the 
transformation dz'^f{z)~^ = dy^ that leads to metrics with a fiat extra dimension 



A > : ds^ = dy^ + cos\\^y) ds^ ^ > 0, (1.46) 

A = : ds"^ = dy^ + y^ ds^ ^ > 0, (1.47) 
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A < 



ds' 



dy^ + cosh^(v^— Ay) ds^ 

dy^ + e^^^y d~s^ 

dy^ + sinh^(A/— Ay) dS^ 



R>0. 



R<0 



R = 



(1.48) 
(1.49) 
(1.50) 



The case R = 0, R = when the Brinkmann warp product reduces just to a 
direct product is same as (1.41). 

1.5 New results of this thesis 

The Kerr-Schild ansatz has turned out to be an effective tool for finding exact 
solutions of general relativity in four dimensions. In chapter 2, we study higher 
dimensional generalized Kerr-Schild (GKS) metrics having an (anti-)de Sitter 
background. We obtain the necessary and sufficient condition under which the 
null Kerr-Schild vector field is geodetic. It is shown that non-expanding Einstein 
GKS spacetimes are of Weyl type N and belong to the Kundt class. Using the 
Brinkmann warp product, some new explicit non-expanding solutions are con- 
structed. In the case of expanding Einstein GKS spacetimes, the compatible 
Weyl types are D or II and the corresponding optical matrices take a special 
block-diagonal form satisfying the so-called optical constraint. This allows us to 
determine the dependence of various geometric quantities on the affine parameter 
r along the geodetic Kerr-Schild congruence and to discuss presence of curvature 
singularities at the origin r = 0. We also express the optical matrix of the five- 
dimensional Kerr- ( ant i-)de Sitter black hole in order to compare this important 
example of expanding GKS spacetime with our general results, namely the forms 
of the optical matrices and the Kerr-Schild scalar functions and presence of sin- 
gularities. 

In a similar way, we analyze the extended Kerr-Schild (xKS) ansatz in chap- 
ter 3. It is a further extension of the GKS ansatz where, in addition to the null 
Kerr-Schild vector, a spacelike vector field appears in the metric. We are mo- 
tivated by the known fact that a straightforward generalization of the KS form 
of the Kerr-Newman black hole to higher dimensions has failed and, moreover, 
that the CCLP solution of charged rotating black hole in five-dimensional min- 
imal gauged supergravity takes the xKS form. In contrast to the GKS case, we 
obtain in general only the necessary condition under which the Kerr-Schild vec- 
tor is geodetic. However, it is shown that this condition becomes sufficient if we 
appropriately restrict the geometry of the null and spacelike vectors appearing in 
the metric. It turns out that xKS spacetimes with a geodetic Kerr-Schild vector 
field are of Weyl type I or more special. In the case of Kundt xKS spacetimes, 
the compatible Weyl types are further restricted depending on the form of the 
energy-momentum tensor. A few examples of such spacetimes are also briefly 
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discussed. For an example of an expanding xKS spacetime, namely the CCLP 
black hole, we express the optical matrix which interestingly satisfies the optical 
constraint obtained in the case of expanding GKS spacetimes. 

In chapter 4, we focus on quadratic gravity (QG) in arbitrary dimension, i.e. 
a generalization of the Einstein theory with a Lagrangian containing all possible 
polynomial curvature invariants as quantum corrections up to the second order in 
the Riemann tensor. We show that all higher dimensional Einstein spacetimes of 
the Weyl type N with an appropriately chosen effective cosmological constant A 
depending on the particular parameters of the theory are exact solutions to QG. 
We refer to explicitly known metrics within this class and construct some new ones 
using the Brinkmann warp product. In the case of type III Einstein spacetimes, 
it is shown that the field equations of QG impose an additional constraint on 
the Weyl tensor and some examples of such type III solutions are given. It turns 
out that not all spacetimes with vanishing scalar invariants (VSI) solve QG since 
type III J*;) -waves do not satisfy this constraint. We also study a wider class 
of spacetimes admitting a null radiation term in the Ricci tensor aligned with a 
WAND. We show that such spacetimes of type N and certain subclass of type III 
solve the source-free field equations of QG and, in contrast to the Einstein case, 
the optical properties of the null geodetic congruence are restricted so that these 
solutions belong to the Kundt class. Examples of such type N metrics are also 
given explicitly. 
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Chapter 2 

Kerr— Schild spacetimes 



This chapter is mainly based on the original results published in [18, 19]. First, 
we include a cosmological constant to the Kerr-Schild ansatz in an appropriate 
way. Without any additional assumptions, we show under which conditions the 
Kerr-Schild vector k is geodetic and consequently a multiple WAND. For Einstein 
spacetimes which then have k necessarily geodetic, the Einstein field equations 
naturally lead to the splitting of our analysis to the non-expanding and expanding 
case. It will be shown that non-expanding Einstein Kerr-Schild spacetimes are 
only of Weyl type N, whereas the expanding spacetimes are of Weyl types II or 
D. In the expanding case, we determine the r-dependence of the optical matrix 
and of the boost weight zero components of the Weyl tensor. This then allows 
us to discuss the presence of curvature singularities. Some known examples of 
both non-expanding and expanding Kerr-Schild spacetimes will be presented and 
a few new solutions will be also given using the Brinkmann warp product. 

The complexity of the Einstein field equations, which are a system of quasi- 
linear partial differential equations of the second order for an unknown metric, 
has led to the development of many approaches that simplify solving of these 
equations. This is motivated by the fact that a direct attack on the equations is 
hopeless, especially in the case of higher dimensions. Since most of the known 
exact solutions of four and higher dimensional general gravity are algebraically 
special, one can use an appropriate formalism, for instance the Newman-Penrose 
formalism briefiy summarized in section 1.1, and assume a special algebraic type 
of the spacetime under consideration to reduce the number and simplify the form 
of the field equations. In fact, this method will be employed in chapter 4 in the 
context of quadratic theory of gravity. 

Another approach is to reduce the number of unknown independent met- 
ric components by considering an appropriate special form of the metric. For 
instance, this form may follow from an assumption of some kind of spacetime 
symmetries as in the case of the discovery of the static Schwarzschild black hole 
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using spherical symmetry. Alternatively, one may directly propose a convenient 
form of the unknown metric in order to simplify subsequent calculations. An im- 
portant example representing this approach, which has been successfully applied 
for finding exact solutions, is the Kerr-Schild (KS) ansatz 



where T-L is a scalar function and fc is a null vector with respect to both the 
Minkowski background metric rjab and full metric Qab- 

The KS ansatz proposed by Kerr and Schild in 1965 [ ] has led to the redis- 
covery of the four-dimensional rotating solution known as the Kerr black hole [21]. 
The reason why they considered metrics in the KS form (2.1) is that the inverse 
metric is simply given by g""^ = 7]°-^ + 2'Hk"'k!' which also means that the full metric 
corresponds exactly to its linear approximation around the flat background. 

Twenty years later, Myers and Perry managed to generalize the KS form of the 
Kerr solution so that they obtained a metric of a rotating black hole in arbitrary 
dimension [22]. The situation differs significantly from the four-dimensional case 
where the black hole rotates in one rotation plane. Since in n dimensions, the 
black hole may rotate arbitrarily in p independent rotation planes, where p is 
given by 



This exhibits the fact that the rotation group SO{n — 1) has a Cartan subgroup 



Despite the simplicity of the Kerr-Schild ansatz (2.1), which makes analytic 
calculations tractable, this class of metrics contains physically interesting solu- 
tions such as the above-mentioned Kerr black hole and the Myers-Perry black 
hole, both being of Weyl type D, but it also contains radiative spacetimes of Weyl 
type N represented, for instance, by -waves. 

Let us mention that various non-vacuum exact solutions in four dimensions 
also admit the Kerr-Schild form, see e.g. [!)], and some of them can be straight- 
forwardly generalized to higher dimensions. 

Vaidya's radiating star [2>>] and the corresponding higher dimensional ana- 
logue [24] are slight modifications of the spherically symmetric Schwarzschild 
black hole where the constant mass parameter appearing in the Kerr-Schild func- 
tion % is replaced by a function m = m{u) depending on the retarded time u. 
As a consequence, the additional term in the Ricci tensor corresponding to a null 
radiation appears due to the change of mass m{u). 

Kinnersley's photon rocket [ ■"] and its higher dimensional counterparts [■^'''] 
are other examples of non-vacuum solutions of the Einstein field equations de- 
scribing the gravitational field of an accelerating object anisotropically emitting 
null radiation. 



9ab = Vab - ^Kkah, 




u{iy. 
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A well-known example of electro-vacuum solutions, the Kerr-Newman black 
hole, which has not yet been successfully generalized to higher dimensions as 
opposite to its static limit, the Reissner-Nordstom black hole, can be also cast to 
the Kerr-Schild form. In this case, the Maxwell field is aligned with the geodetic 
null congruence k, i.e. the vector potential is proportional to the Kerr-Schild 
vector. 

All the above examples of spacetimes admitting the Kerr-Schild form are 
solutions of the Einstein field equations without cosmo logical constant. General 
properties of such Ricci-flat Kerr-Schild metrics have been studied recently in 
[27]. The aim of this chapter is to introduce cosmological constant to the Kerr- 
Schild ansatz and generalize the results from the Ricci-flat case to Einstein spaces. 
Moreover, we will also briefly discuss solutions with possible cosmological constant 
which also contain aligned matter fields. 

One of the simplest higher dimensional Ricci-flat solutions admitting Kerr- 
Schild form is the Schwarzschild-Tangherlini black hole [ ]. In the standard 
Schwarzschild coordinates, cosmological constant A enters the metric in a simple 
way, i.e. the (A)dS-Schwarzschild-Tangherlini metric [29] takes the form 



ds^ = -U{r) dt^ + U{r)-^ dr^ + dQ 



(n-2)5 



where 



U{r) 



1-Xr'- 



( 2m\^ 



\ r J 



2A 



{n - l){n - 2) 



(2.3) 

(2.4) 
(2.5) 



and di7^^_2) is a metric on the {n — 2)-dimensional sphere 5*"" ^ of unit radius 



dQl = difi^ 



de^ + sm^9idn^i (ieN), 



(2.6) 



with the standard angular coordinates ip G {0,2n), 9i G (0,7r). Using the trans- 
formation 



U{r) 



(2.7) 



the metric (2.3) can be rewritten as 



ds^ = -dt" + dr' 



71—3 



{dt' - dr)2. 



(2.8) 



The first three terms in (2.8) correspond to the Minkowski metric in the spherical 
coordinates and the last term is a multiple of a null vector, therefore, the (A)dS- 
Schwarzschild-Tangherlini metric (2.8) takes the Kerr-Schild form with a flat 
background (2.1). 
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Note that, setting m = in (2.8), one directly obtains the (Anti-)de Sitter 
metric in the Kerr-Schild form with a flat background 

ds^ = -dt'^ + dr^ + dfi?„_,) + J^^^^^^^fidt' - dry. (2.9) 

The metric (2.3) can be also expressed in another form. One may start with 
the higher dimensional Kerr-(A)dS metric [30] and set all the rotation parameters 
to zero. Thus, we arrive at the (A)dS-Schwarzschild-Tangherlini metric as a 
static limit in the form 

ds' = -(1 - Xr-)iP + ^ + r'inl_,, + ^ (it- . (2.10) 

The first three terms now represent the (Anti-)de Sitter metric in the spherical 
coordinates and the last term is again a multiple of a null vector. Hence, the 
metric (2.10) takes the generalized Kerr-Schild (GKS) form 

gab = gab - ^T-Lkah, (2.11) 

where the background metric (jab corresponds to an (A)dS spacetime, "H is a scalar 
function and the Kerr-Schild vector k is null with respect to both the full metric 
gab and background metric gab- 
Therefore, the (A)dS-Schwarzschild-Tangherlini metric can be cast to both 
the KS form (2.1) with the fiat background and the GKS form (2.11) with an 
(anti-)de Sitter background. It implies that the cosmo logical constant A can 
be included either to the scalar function H in the KS form or to the background 
metric gab in the GKS form. However, these two possibilities how the cosmological 
constant enters the metric occur only in exceptional cases where the Kerr-Schild 
vector field k in the KS form of the (A)dS-Schwarzschild-Tangherlini metric 
(2.8) and in the KS form of the (A)dS metric (2.9) has the same geometrical 
properties. Namely, if k is non-twisting and shear-free with the same expansion. 
It follows that Robinson-Trautman solutions with a non-vanishing cosmological 
constant admitting the KS form can be transformed to the GKS form as has 
been shown in the case of the higher dimensional Vaidya metric in section 2.6.6. 
However, in general, Einstein GKS spacetimes do not admit the KS form with a 
fiat background and therefore we adopt the GKS form as a generalization of the 
original KS ansatz to the cases of spacetimes with a non-vanishing cosmological 
constant. 

In fact, it was shown first by Carter in 1968 ['^ '] that his solution of four- 
dimensional rotating black hole with a non- vanishing cosmological constant A can 
be cast to the GKS form (2.11). Later, Hawking et al. in 1999 [ :] generalized 
Carter's solution to five dimensions, but without detailed derivation. Moreover, 
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their solution is not given in the GKS form. FinaUy, Gibbons et al. in 2004 [30] 
inspired by the previous works employed the GKS form and special ellipsoidal 
coordinates which allowed them to construct a solution representing a rotating 
black hole with a cosmological constant in arbitrary dimension. 

Throughout the thesis, we will assume that the n-dimensional background 
(anti-)de Sitter metric with a cosmological constant A takes the conformally flat 
form 

(jab = ^Vab, (2.12) 

where the conformal factor Q is given by 



(n-2)(n-l 

"AdS = — 



dS 



2At2 
(n-2)(n-l) 



(2.13) 



2Axi2 

respectively, and the Minkowski metric rjat is in the canonical form 

riab = -dt'^ + dxj + . . . + dxl_^, (2.14) 

which is convenient for the following calculations. 

The vacuum Einstein field equations for the conformally fiat metric (2.12) 
imply that the conformal factor Q satisfies 

7r~2~r]^' ~ (n-2)(n-i) ' ^ ^ 

with both possible signs of the cosmological constant A. Note that the Minkowski 
limit A = can be obtained by setting = 1. 



2.1 General Kerr— Schild vector field 

We will study general properties of the GKS metric (2.11) with an (anti-)de Sitter 
background cjab where H is a. scalar function and the Kerr-Schild vector k is null 
with respect to the full metric. However, if k is null with respect to the full metric 
gab then it follows that it is also null with respect to the background metric (jab 
and vice versa. Consequently, the inverse metric to (2.11) takes the simple form 

g^b ^g'^b ^2Hk''k\ (2.16) 

where g""^ = Q^^t]"-^. This implies that one may use both metrics for raising or 
lowering index of the Kerr-Schild vector k 

ka = 9abk' = -gabk\ k'^ = g^X = r%- (2.17) 
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Our choice of the canonical form for the background metric gab (2.12), (2.14) 
allows us to express Christoffel symbols 

+ 2Tr^^ + 27r^^"27r^ 

The first crucial step in our study of properties of the GKS metric (2.11) is 
to show under which conditions the Einstein field equations imply that the KS 
vector field k is geodetic. 

Obviously, due to the form of the GKS ansatz (2.11) it will be convenient to 
employ the higher dimensional Newman-Penrose frame formalism, briefly sum- 
marized in section 1.1, and naturally identify the Kerr-Schild vector k with the 
null frame vector i (1.8). From now on, we will denote both vectors as fc, whereas 
the corresponding Ricci rotation coefficients as Lab- 

Since the KS vector k appears in many terms of the Christoffel symbols F^^ 
(2.18), the simplest component of the Ricci tensor is the boost weight two com- 
ponent i?oo = Rabk'^k^- After quite involved calculations using kak'^ — ka hk"" — 
^"fe^a = we end up with a remarkably simple result 

i?oo = 2Uk,,ak'^k\k' -hn-2)(^- l^^^ k^k\ (2.19) 



2' ' V ^ 2 fi2 ^ 

for an arbitrary conformal factor Q. Therefore, for the conformal factor of an 
(anti-)de Sitter background metric (2.13) obeying (2.15) we obtain 

Roo = 2nk,,ak''k%k' = 2nLioL,o. (2.20) 

It now follows from the Einstein field equations that Ljo = 0, i.e. k is geodetic, if 
and only if Too = 0. 

Proposition 1 The Kerr-Schild vector k in the generalized Kerr-Schild metric 
(2.11) is geodetic if and only if the boost weight 2 component of the energy- 
momentum tensor Tqo = Tabk'^k^ vanishes. 

Proposition 1 implies that the Kerr-Schild vector k is geodetic not only in 
Einstein GKS spacetimes, where the energy-momentum tensor is absent, but 
also in spacetimes with aligned matter content such as aligned Maxwell field 
Fafe/c" oc /cf, or aligned pure radiation Tab oc fca^b- 

Moreover, if the Kerr-Schild vector k is geodetic then we may assume, with- 
out loss of generality, that it is also affinely parametrized since we are still able 
to rescale k by an appropriate scalar factor. Subsequently, this factor can be 
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included to the KS function "H and hence the GKS form of the original metric 
remains unchanged. In order to preserve the normalization (1.8) of an already 
chosen null frame, one has to rescale k by preforming the boost (1-11) 

fc = Afc, n = \-^n. (2.21) 

Recall that the Kerr-Schild vector k is geodetic if ka-^k^ = Lioka and since we 
require k to be affinely parametrized, therefore, Lio = 0. From the transformation 
properties of the Ricci rotation coefficient Lio under the boost (1.20), it follows 

DA = -ALio, (2.22) 

which determines the necessary scalar factor A. Finally, we denote l-L = X^^H, 
therefore, the Kerr-Schild term Tikakt transforms under the boost as a quantity 
with boost weight 0, i.e. 'Hkakb = Tikakb, and the GKS form is not affected by 
this operation. 

Thus, in the following sections, the geodetic Kerr-Schild vector k is assumed 
to be affinely parametrized. This will lead to a significant simplification of the 
necessary calculations. 



2.1.1 Kerr-Schild congruence in the background 
spacetime 

One may compare the geodesicity and the optical properties of the null Kerr- 
Schild congruence k in the full GKS spacetime and in the background (A)dS 
spacetime. It will be shown that there is a close relation between the congruences 
in both spacetimes. 

Quantities constructed from the background metric are easily obtained from 
quantities constructed from the full GKS metric simply by setting "H to zero. For 
instance, using the Christoffel symbols (2.18), it is straightforward to show that 

ka;bk = ka^bk = k^-bk , 

Q (2.23) 

Ua i.b _ la lb. '^Ua-ib _ ib 

where " ~, " in the expression ka-b denotes the covariant derivative with respect to 
the background (A)dS metric (jab- Thus, one can immediately see that the Kerr- 
Schild vector k is geodetic in the full GKS metric if and only if it is geodetic in 
the (A)dS background (jab- 

The geometrical properties of the Kerr-Schild congruence k in the full GKS 
spacetime are encoded in the optical matrix Lij (1.13). Following [27], we define 
a null frame n, k, m^^^ in the background spacetime gab, where 



na = na + Hk, 



(2.24) 
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and the remaining frame vectors fe, m^^^ are same as in the full spacetime. This 
choice guarantees 

gab = ^kf^aUb) + 5ijm^^mf (2.25) 

and allows us to express the optical matrix Lij in the background spacetime, 
which can be then compared with Lij. Using (2.18), it follows 

Lij = ka-brn'^'^^'m'-^^'' = ka^^m^^^m^^^^ = Lij. (2.26) 

Therefore, the optical matrices of the Kerr-Schild congruence k with respect to 
the full GKS metric gab and the (A)dS background metric (jab are equal, i.e. the 
corresponding expansion, shear and twist scalars have the same values in both 
spacetimes. Note that for k being geodetic, Lij does not depend on our particular 
choice (2.24) since in such invariant under null rotations with k fixed 

(1.19). 

It should be emphasized that the index of the background frame covector 
Ua (2.24) is raised by the full metric as = g°'^nb = n°- + Hk"-, whereas the 
contraction with the background metric gives ^"^rife = n°- — l-Lk"-. Similarly as for 
the vector k (2.17), the vector indices of m^*^ may be raised and lowered by both 
metrics smce m"^^ = g ml = g ml . 

One may also compare the remaining Ricci rotational coefficients with respect 
to the full GKS spacetime and the background spacetime. Thus, we obtain 



^iO — -l^iO, -t^lO — -t^lO; 



Lii — Lii — ULio, Lil — Lil., 



Lii = III -Dn- nLio + n^k'^, N,o = iV,o, 

Nil = Nil + 2HLii - nLa + nNio - n^Lio + m + H^ml^, (2.27) 
Nij = Nij + nlji - •H ^ k'^Si, , M,o = , 

Mjk = &jk, Mji = Mji + U {Lij - Lji) + UMjo. 

Let us mention that for k being geodetic and affinely parametrized the fol- 
lowing relations hold 

na;bk' = n^bk\ m^k' = m%k\ (2.28) 

In other words, the frame vectors n, m'-*-' are parallelly transported along k in 
the full GKS spacetime if and only if the frame vectors n, mP"^ are parallelly 
transported along k in the background spacetime. This can help us in finding a 
parallelly propagated frame in the full GKS spacetime, which can be a nontrivial 
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task. Instead, it could be easier to find such a frame in the background (A)dS 
spacetime and then use (2.24) relating these two frames. 

In fact, we partially employ this procedure in section 2.6.5 since the full GKS 
metric of the five dimensional Kerr-(A)dS spacetime is quite complicated and 
non-diagonal, whereas the background (A)dS metric is diagonal and the calcula- 
tions are not so involved. 



2.2 Geodetic Kerr— Schild vector field 

So far, we discussed the properties of the GKS metric (2.11) with an arbitrary 
null Kerr-Schild vector field k without any additional assumptions. In the rest 
of this chapter, we will consider Einstein GKS spacetimes and GKS spacetimes 
with aligned matter fields. Then it follows from proposition 1 that the Kerr- 
Schild vector k is geodetic as discussed in section 2.1. We also assume an affine 
parametrization of k. Using higher dimensional Newman-Penrose formalism, we 
employ the Einstein field equations and analyze the conditions imposed on the 
GKS ansatz. 

Assuming geodesicity of fe, we arrive at the convenient expressions for the 
contracted Christoffel symbols frequently used in the following calculations 



IVLr Ifift IVL„ 



(2.29) 



2.2.1 Ricci tensor 



Despite the simple form of the GKS metric (2.11) along with the assumption 
that k is geodetic, expressing the Ricci tensor is a quite complicated task since 
hundreds of terms appear during the derivation. Hence, we were able to perform 
this and some of the following tedious calculations only by means of the computer 
algebra system Cadabra [33,34]. Fortunately, after many operations, we obtain 
the Ricci tensor in the compact form 

2A 

Rab = inkah).^^g''' - ink'ka).,, - {Hk'h).^^ + -g^b 



- 2H {D^n + LuDH + 2nuj^) kah 



n-2^"" (2.30) 



which for A = reduces to the result of [27] where, at first sight, the sign before 
the last term is opposite. However, it can be easily shown that both results are 
in full accordance, if one rewrites the covariant derivatives in (2.30) in terms of 
the partial derivatives. 
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From (2.30) it follows that the Kerr-Schild vector A; is an eigenvector of the 
Ricci tensor 



Rabk 



2A 

D^n + {n- 2)dDV, + 

n — 2 



ka (2.31) 



and one can immediately see that the positive boost weight frame components of 
the Ricci tensor vanish 

Roo = 0, Ro^ = 0. (2.32) 

The non- vanishing frame components of the Ricci tensor can be straightforwardly 
obtained from (2.30) by performing appropriate contractions with the correspond- 
ing frame vectors 

2A 

i?oi = -B^n -{n- 2)dDV, - 2V,uj^ + -, (2.33) 

n — 2 

2A 

R,, = 2nL,kLjk -2{Dn + in- 2)eH) S,, + (2-34) 
i?^. = -5i{Y)H) + 2L[a]DH + 2L,^5jH - Sjj5iH + 2H(^jAij 

j i \ 

+ AijMkk — AjkMjk — LiiSjj + 3LijL[ij] + LjiL{ij) \ , (2.35) 

Rii = 5i{5iH) + {Nii - 2HSu) + (^4Li, - 2La + Mjj^ 5{H 

— SiiATi + 271 ^2(5iL[ij] + iLuL^u] + LuLn — LuSu 

+ 2L^u]Mn - 2AijNij - 2Huj^^ + (2.36) 

where the components are sorted by their boost weight and some of them were 
further simplified using the Ricci identities [3]. 

2.2.2 Riemann tensor and algebraic type of the Weyl 
tensor 

In this section, we point out that GKS spacetimes (2.11) with a geodetic Kerr- 
Schild vector k are algebraically special and A; is a multiple WAND of the Weyl 
tensor. First, we express the frame components of the Riemann tensor. As in the 
case of the Ricci tensor, the positive boost weight components of the Riemann 
tensor identically vanish 

-RoiOj = 0, -Roioi = 0, -Roijfc = 0. (2.37) 
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The non- vanishing frame components of the Riemann tensor sorted by their boost 
weight read 

2 2A 

-Roioi = 07/- — -, (2.38) 

[n — 2)(n — 1) 

i?oiii = -2A,D-H + mSuy^Ai^k. (2.39) 

2A 

-Roiii = —LijDT-L + 2'HAikLkj + -. —r-. -r^^ij-, (2.40) 

\n — 2)\n — \) 

Rijki = 4^ [AijAki + Ai[iAj-^k + Sii,iSj]k) 
2A 

+ (n-2)(n-l) ^^''^^^ - ^'^^^'^ ' ^^-^^^ 

Rom = -6i (D-H) + 2L[a]DH: + L^.S^n + 2-H (L^L,, - L,i%) , (2.42) 

/ i I 

Riijk = '2L[jiiS\k]T-L + 2AjkSi7i + 47/ 1 5[fc5'j]j + M[jk]Sii — Mi[jSk]i 



+ LuAjk + Li[kAj],j , (2.43) 

— SijATi + 2% — ASij — '^Lif^iLj^i + 2LiiLij 

k 

— Lk(iNk\j) + LikM(ij) — 2'HLk{iAj)k — 2'HAikAjk 

k k \ 

— Lk(iMj)i - L(i\kMj)i j . (2.44) 

Note that the boost weight zero components of the Riemann tensor -Roioi, Rouj, 
Roiij and Rijki are given only by the Kerr-Schild function "H, the optical matrix 
Lij and the cosmological constant A. Actually, in section 2.6.3, this fact allows 
us to explicitly determine the dependence of these components on an affine pa- 
rameter r along the geodesies of the Kerr-Schild congruence k. 

It is also convenient to express explicitly the frame components of the Weyl 
tensor (1.31) for a general Ricci tensor that will be occasionally employed through- 
out the thesis, explicitly 

CoiOj = RoiOj ~ — -Roo^ijj (2-45) 

Coioi = Roioi H 7;Roi, (2.46) 

n — 2 
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Coijk — Roijk + ^{Rok^ij ~ Roj^ik), (2.47) 

2 1 

Coioi = -Roioi H pr-^oi — 7 7V-, T^R^ (2.48) 

n — 2 [n — l)[n — 2) 

Coiij = Roiij, (2.49) 

1 1 

Coiij = Roiij - ^^^^^{Rij + RoAj) + 2)-^'^»J' (2.50) 

2 2 

Cijki = Rijki - :^^^^{Rj[i^k\i - Ri[iSk]j) + 2)^'^i[*:^']i' (2-51) 

Com = Roui T^Riiy (2.52) 

n — 2 

Cujk = Rlijk + ^{Rlk^ij — Rlj^ik), (2.53) 

Ciiij = Riiij — — — -RiiSij. (2-54) 

Since the positive boost weight frame components of the Ricci tensor (2.32) 
and the Riemann tensor (2.37) identically vanish it means that this holds also for 
the corresponding components of the Weyl tensor (2.45)-(2.47), i.e. 

Coioj = 0, Coioi = 0, Coijk = 0, (2.55) 

and therefore 

Proposition 2 Generalized Kerr-Schild spacetimes (2.11) with a geodetic Kerr- 
Schild vector k are algebraically special with k being the multiple WAND. 

In other words, GKS spacetimes (2.11) with a geodetic Kerr-Schild vector k are 
of Weyl type II or more special. Let us remind that the Kerr-Schild vector k is 
geodetic if and only if the boost weight 2 component of the energy-momentum 
tensor vanish Too = as follows from proposition 1. Consequently, Einstein GKS 
spacetimes and GKS spacetimes with an aligned matter field are algebraically 
special. 

It can be shown [ ] that in static spacetimes admitting a WAND i = {it, (-a) 
with the metric not depending on the direction of time one may always construct 
a distinct WAND n = {—d-tAA) with the same order of alignment. Thus, static 
spacetimes are compatible only with Weyl types G, Ij, D or O. 

A similar statement also holds for stationary spacetimes with the metric 
remaining unchanged under reflection symmetry, for instance, the symmetry 
t — )■ —if:, ipi — )• —i^i of the higher dimensional Kerr-(A)dS metric [30] expressed 
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in the Boyer-Lindquist coordinates. If £ is a WAND then, again due to the sym- 
metry, there is a distinct WAND n. Additional assumption has to be imposed, 
namely, one has to require non- vanishing "divergence scalar" corresponding to the 
expansion scalar 6 in case of geodetic WAND. This ensures that both WANDs 
do not represent the same null direction £ ^ —n and hence such spacetimes are 
of Weyl types G, Ij, D or conformally flat. See [13] for further details. 

Proposition 2 along with the above statements for static and stationary space- 
times lead to 

Corollary 3 Generalized Kerr-Schild spacetimes (2.11) with a geodetic Kerr- 
Schild vector k which are 

(a) either static 

(b) or stationary with reflection symmetry and non-vanishing expansion 

are of Weyl type D or conformally flat. 

Note that these results immediately imply that the Kerr-(A)dS metrics in all 
dimensions [-30] are of Weyl type D, as was shown previously in [ ] by explicit 
calculation of the Weyl tensor. 

2.3 Brinkmann warp product of Kerr— Schild 
spacetimes 

The Brinkmann warp product introduced in section 1.4 is a convenient method 
for generating new n-dimensional solutions of the vacuum Einstein field equations 
from known [n — l)-dimensional Ricci-flat or Einstein metrics. Naturally, this 
warp product can be also applied to Einstein GKS spacetimes. Thus, let us 
consider the seed metric of the GKS form (2.11) 

ds^ = gab dx" dx^ - 2nkah dx"" dx\ (2.56) 

Then the warped metric ds^ is given by (1-37) 

d.-id- + /,.d."d.'-2/m„M."d.'. ,2.57, 

Since the seed background metric (jab represents Einstein space of Weyl type O, 
i.e. conformally fiat, and moreover the warp product preserves the Weyl type 
of algebraically special spacetimes, as mentioned in section 1.4, the new warped 
background metric f~^ dz^ + fgab dx" dx* describes necessarily an (anti-)de Sitter 
or Minkowski spacetime. The remaining term 2f'Hkakbdx"'dx^ in (2.57) is again 
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a multiple of two null vectors since the original Kerr-Schild vector k is obviously 
null with respect to the new warped metric as well. Therefore, the warped metric 
(2.57) is also an Einstein GKS metric and thus the Brinkmann warp product 
preserves the GKS form. 

If the (n — l)-dimensional seed background metric Qah takes the canonical form 
(2.12), (2.14) with the conformal factor Vt given by the cosmological constant of 
the seed (1.39) as 

respectively, then the n-dimensional warped background metric can be also put 
to the corresponding canonical form 

fgab^x^dx^ + r^dz^ = fVL{-de + dxl + ... + dxl_^) + /"Mz^ 

= VL{-dP + dxl + ... + dx^_2 + dz^)i (2-60) 

where VL is defined exactly as in (2.13), the warp factor f{z) is given by (1.38) 
and the new and old coordinates are related by an appropriate transformation 
depending on the signs of the Ricci scalars R and R of the seed and the warped 
metric, respectively. Recall that, as discussed in section 1.4, not all combinations 
of the signs of R and R are possible. In the trivial case = 0, = cor- 
responding to the direct product, just one extra fiat dimension is added to the 
(n — l)-dimensional Minkowski metric. In other cases, the following coordinate 
transformations has to be performed in order to cast the warped background 
metric to the canonical form 

AdS„_i =^ AdS„ : 

t = i, xl = xl + ^^ xi = xi, z= V~ + ^ (2.61) 



Xxi A ' 



dS„_i ^ AdS„ : 



t^ = t^- z\ Xi = Xi, z= + -, (2.62) 

— AZ A 
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n-l 



AdS. 



t = t, 



Xi 



Xi 



1 d 



(2.64) 



We have to emphasize that in the above expressions (2.61)-(2.64), exceptionally, 
the index i goes from 1 to n — 2 and the index t ranges from 2 to n — 2. 



2.4 Einstein Kerr-Schild spacetimes 

In section 2.2, we discussed the algebraic properties and expressed the Ricci and 
Riemann tensors of the GKS metric with the only additional assumption that 
the Kerr-Schild vector k is geodetic. As follows from proposition 1, this includes 
a wide class of spacetimes, for instance, Einstein spaces or spacetimes with an 
aligned matter field. In this section, we will restrict our analysis to the simplest 
case, namely, Einstein GKS spacetimes. Thus, we employ the vacuum Einstein 
field equations in order to study their implications for the GKS metric. 

In n dimensions, the vacuum Einstein field equations can be rewritten as 

2A 

Rab = 7;9ab- (2.65) 

n — 2 

Since the Kerr-Schild vector k is geodetic in the case of Einstein GKS spacetimes, 
we can substitute the Ricci tensor (2.30) to (2.65). The term containing the 
cosmological constant A on the right hand side of (2.65) is multiplied by the 
full GKS metric Qab, whereas the term with the cosmological constant in the 
expression of the Ricci tensor (2.30) is multiplied by the background metric cjab- 
If we assume that both cosmological constants are equal, the difference between 
these terms is proportional to the Kerr-Schild term 2'Hkakb and we arrive at the 
Einstein field equations for Einstein GKS metrics in the form 

2V, [ D^n + LiiBn + 2V,uj^ - kah = 0. ^^'^^^ 

n — 2 / 



Using the frame components of the Ricci tensor (2.32)-(2.36), one may express 
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the frame components of the Einstein field equations (2.66) as 



D^n + in- 2)dm + 2V,uj'^ = 0, 



(2.67) 



2nUkL,k - 2 (D7^ + (n - 2)6%) Si, = 0, 

5^{Dn) - 2L[,i]Bn - 2Li,5,n + Sjj5{H - 2^5^ A 



(2.68) 



+ AijMkk — AjkMjk ~ LiiSjj + 3LijL[ij] + LjiL(^ij) 



) 



0, 



(2.69) 



(5,((5,-H) + {Nu - 2HS,i) DH + - 2La + M,,j S^H 

— SiiATi + 2'H^2(5jL[ij] + iLnL^iq + LuLn — LuSu 
+ 2L[i,]Mjj - 2AijN,j - 2'Hu^ \ + ^ = 0. 




(2.70) 



Note that the cosmological constant appears only in the boost weight —2 frame 
component (2.70) corresponding to the contraction of the Einstein field equations 
(2.66) with two frame vectors n. It may seem that the terms containing A in 
(2.66) and (2.70) are not in accordance, but the additional term with A appears 
when one rewrites the derivatives of the Ricci rotation coefficients in (2.66) by 
means of the Ricci identities [>!]. 

Following [27], we rewrite the trace of (2.68) as 



using H ^DTi = D logH and the decomposition of the optical matrix Lij (1.22), 
as 



Obviously, H appears in (2.72) only if 7^ 0, therefore, it is natural to study 
non-expanding GKS spacetimes, where 6 = 0, and expanding GKS spacetimes, 
where 6^0, separately. This will be done in the following sections 2.5 and 2.6, 
respectively. 

The positive boost weight frame components of the Weyl tensor vanish iden- 
tically, as was shown in general for GKS spacetimes with a geodetic Kerr-Schild 
vector field k (2.55). Substituting the Ricci tensor of Einstein spaces (2.65) to 
the definition of the Weyl tensor (1.31), one obtains 



2HLijLij - 2 (DH + {n- 2)6H) {n - 2)6 = 0, 



(2.71) 



{n - 2)6(D\ogn) = LijLij - (n - 2)^6^ 

= a^ + 00^ -{n-2){n~3)6\ 



(2.72) 




4A 



(2.73) 



{n - l){n - 2) 



9a[cgd]b 
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and the non-trivial frame components of the Weyl tensor (2.48)-(2.54) for Ein- 
stein GKS spacetimes read 

2A 

Coioi = -Roioi + 7 TV) (2.74) 

[n — 2)(n — 1) 

Coiij = Roiij, (2-75) 

2A 

Cijki = Rijkl — jj^ — 2){n — 1) ^^^^^^^ ^ ^ii^jk) , (2.77) 
Com = Rom, Ciijk = Rujk, Cmj = Rmj, (2.78) 



where the frame components of the Riemann tensor are given in (2.38)-(2.44). 
Note that the terms containing cosmological constant A in (2.74)-(2.78) cancel 
the corresponding terms in the Riemann tensor (2.38)-(2.44) and therefore the 
cosmological constant actually does not enter the frame components of the Weyl 
tensor. 



2.5 Non-expanding Kerr— Schild spacetimes 

In this section, we will consider the simplest subclass of Einstein GKS spacetimes 
where the null Kerr-Schild congruence k is non-expanding (6* = 0). Occasionally, 
we will also admit an additional aligned radiation term in the Ricci tensor. 

Substituting ^ = to the trace (2.72) of one of the frame component of the 
vacuum Einstein field equations, we immediately see that the sum of squares of 
the shear a and twist u scalars has to vanish 

a2 + a;2^0 (2.79) 

and therefore a = u = 0. In other words, a non-expanding Kerr-Schild vector 
field k is also non-shearing and non-twisting. In fact, this means that non- 
expanding Einstein GKS spacetimes belong to the Kundt class of solutions and 
the optical matrix vanishes 

Lij = 0. (2.80) 

Vanishing of the optical matrix along with the already applied assumption that k 
is geodetic and affinely parametrized, i.e. L^o = 0, significantly simplifies our cal- 
culations. For instance, the vacuum Einstein field equations (2.67)-(2.70) reduce 
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to 

^2 



D^H = 0, (2.81) 
6i{Dn) - 2L[ii]Dn = 0, (2.82) 

( i \ AnA 

+ 2H \ 26iLiu] + ALuLiu] + L^La + 2L^u]Mjj j + -^—^ = 0. (2.83) 

The considerable simplification occurs also when we express the frame compo- 
nents of the Weyl tensor (2.74)-(2.78) for the non-expanding case 



CoiOj 


— 0, Coioi — 0, Coijk — 0, 




(2 


Coioi 


= D^Ti, Cquj = 0, Coiij = 0, 




(2 


Cijki 


= 0, Con. = -5, (Bn) + 2L[aPn, 


Clijk — 0, 


(2 


Cliij 


= S^iSj-H) + M(ij)Skn + iL^.Sj^n - 2^ 








+ 271 i S(iLi\j) — 2Li(jLj)i + 2LiiLij 


k \ 
+ LikM(ij) 1 , 


(2 



where the only nontrivial boost weight component Coioi and boost weight — 1 
component Com vanish due to the Einstein field equations (2.81) and (2.82). 
Thus, we can conclude that 

Proposition 4 Einstein generalized Kerr-Schild spacetimes (2.11) with a non- 
expanding Kerr-Schild congruence k are of Weyl type N with k being the multiple 
WAND. Twist and shear of the Kerr-Schild congruence k necessarily vanish and 
therefore these solutions belong to the Kundt class of Weyl type N Einstein space- 
times. 



Let us point out the relation of non-expanding GKS spacetimes with the VSI and 
CSI classes of spacetimes defined and discussed in [4,36-39]. It was shown that 
a spacetime is VSI, i.e. all curvature invariants of all orders constructed from the 
Riemann tensor and its covariant derivatives vanish, if and only if there exists a 
non-expanding, non-shearing and non-twisting congruence of null geodesies along 
which only the negative boost weight frame components of the Riemann tensor 
are non-zero. In fact, the Kundt class of spacetimes of Weyl types III, N, or O 
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with the Ricci tensor of algebraic types III, N or O is equivalent to the VSI class 
and all metrics within these classes are presented in [38]. On the other hand, 
the CSI class is defined as spacetimes for which all scalar invariants constructed 
from the Riemann tensor and its covariant derivatives are constant and, as was 
conjectured in [•->7], a CSI spacetime is either locally homogeneous or belongs to 
the Kundt class. 

Obviously, non-expanding Ricci-flat GKS metrics (2.11), i.e. non-expanding 
KS metrics (2.1) with the fiat background, thus belong to the VSI class of space- 
times since the Riemann tensor is given exactly by the Weyl tensor (2.73) which 
has only the boost weight —2 components (2.87) along the Kerr-Schild vector 
field k representing a non-expanding, non-shearing and non-twisting congruence 
as follows from proposition 4. 

Unlike the Ricci-fiat case, some of the boost weight zero components (2.38)- 
(2.41) of the Riemann tensor of non-expanding Einstein GKS spacetimes are 
proportional to the cosmological constant A. Therefore, all curvature invariants 
either vanish or are constants depending on A and thus these spacetimes belong 
to the CSI class. 

The arbitrariness of the choice of the frame vectors n, m*^*) can be used to 
show that, without loss of generality, one may set = in the case of Kundt 
spacetimes Lij = LiQ = 0. Note that all the following Lorentz transformations 
preserve both Lij = and Ljo = 0. Let us assume that k is affinely parametrized. 
First, we perform a boost (1.20) to break the afiine parametrization, namely 
Lio = DA, in such an appropriate way that will be clear from the final step. 
Next, we employ null rotations with k fixed (1-19) under which Liq remains 
unchanged and Liu] transform as Liu] = L[ii] — \ziLiQ. This simply determines 
the functions Zi to set all Liu] to zero. Furthermore, we are still able to align the 
spacelike frame vectors m*^*) to Lu by spatial rotations (1.21), where Lu = XijLij 
with Xij being an orthogonal matrix, so that Lu has just one component, let say 
Li2 = L21 7^ 0, Lu = Lii = 0. Again, Lio is not affected by this operation and 
therefore we can finally perform the first step reversely, i.e. A' = A^^, to recover 
the affine parametrization of k. But since Ljij] = Lm + ^A'~^(5jA', we now require 
5,X' = 0. 

Note that the natural frame (2.95) of VSI metrics (2.94) or even the natural 
frame of general Kundt metrics in the canonical form [10] are examples of such 
frames with Lm = since £ = du are constant one-forms. 

In the case that L^u] = 0, the Einstein field equations (2.81)-(2.83) further 
simplify to 



B^n = 0, SiiBn) = 0, 



(2.88) 
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/ i \ AHA 

5i{5iH) + Nam + { 2Lu + Mjj J 6iH + 2nLiiLa + = 0. (2.89) 

One may integrate (2.88) to determine the r-dependence of the Kerr-Schild func- 
tion Ti 

n = f^^^r + g^'^l (2.90) 

where /*^°^ and g^^^ are functions not depending on r subject to Sif^^^ = and it 
remains only to satisfy (2.89). Recall that r is an affine parameter along the null 
geodesies A;. 

Note also that the above statement of proposition 4 remains valid if we admit 
an additional aligned null radiation term in the Ricci tensor 

2A 

Rab = 7;9ab + ^kah. (2.91) 

n — 2 

Since the Ricci tensor (2.91) differs from the case of Einstein spaces (2.65) just 
in the frame component Rn, the aligned null radiation term appears only on the 
right hand side of the frame component (2.83) of the Einstein field equations 



S^iSi-H) + NuB-H + (^4Li, - 2La + Mjj^ 5{H 

( i \ AHA 

+ 271 i26iL[u] + ALuL[u] + L^U^ + 2L^u]Mjj \ + = $ 



(2.92) 



and as one can immediately see from (2.45)-(2.54), only the boost weight —2 
frame components of the Weyl tensor Cmj depend on Rn. Therefore, the null 
radiation term does not affect the derivation of proposition 4. 



2.5.1 Examples of non-expanding Einstein generalized 
Kerr— Schild spacetimes 

Let us recall the statement of proposition 4 that all non-expanding Einstein GKS 
spacetimes belong to the Kundt class. As mentioned above, this also holds for 
non-expanding GKS spacetimes with null radiation aligned with the Kerr-Schild 
vector k. Geometrically, the Kundt class of solutions is defined as spacetimes 
admitting a geodetic, non-expanding, non-shearing and non-twisting null congru- 
ence generated by a null vector field that will be represented by the Kerr-Schild 
vector k in the case of Kundt GKS spacetimes. 

In four dimensions, the Goldberg-Sachs theorem implies that Kundt space- 
times possibly with a cosmological constant or aligned matter fields are alge- 
braically special, i.e. of Petrov type II or more special, and the geodetic non- 
expanding, non-shearing and non-twisting null congruence corresponds with the 

PND [y]. 



Chapter 2. Kerr— Schild spacetimes 



37 



Analogically, it was shown in [3] that higher dimensional Kundt spacetimes 
with the vanishing positive boost weight frame components of the Ricci tensor, 
Roo = Roi = 0, that admit cosmological constant A and aligned matter content, 
are of Weyl type II or more special again with the geodetic null congruence being 
the WAND. In fact, Rqq vanishes identically for a Kundt metric and if Rq^ ^ 0, 
then the spacetime is of Weyl type I [40]. 

The metric of general n-dimensional Kundt spacetimes can be expressed in 
the canonical form [38,40] 

ds^ = 2dM [dt; + E{u,v,x^) dw + Wi{u,v,x^) dx*] + gijiu.x^) da;Mx^ (2.93) 

where the coordinate v corresponds to an affine parameter along the geodesies of 
the non-expanding, non-shearing and non-twisting null congruence k = and 
the transverse metric gij does not depend on v. It should be emphasized that we 
denote the transverse spatial coordinates as x^, . . . since in our convention 

i, j range from 2 to n — 1 in contrast with [oS]. 

In general, Kundt spacetimes do not admit the GKS form (2.11). This follows 
directly from the fact that, without any conditions on the Ricci tensor, the Kundt 
metrics are of Weyl type I or more special, whereas the GKS metrics with geodetic 
k are of Weyl type II or more special. Even in the case of Einstein spaces, there 
exist, for instance, type III Einstein Kundt spacetimes which are, by proposition 
4, incompatible with the GKS form. 

However, it can be shown that all Weyl type N VSI metrics written in appro- 
priate coordinates with a flat transverse space as [-is] 

ds^ = 2dM [df + H{ u, V, x^) du + Wi{u, V, x'^) dx*] + 5ij dx* dx-', (2.94) 

where H and Wi satisfy certain conditions, admit the KS form (2.1). In fact, the 
class of type N VSI metrics is equivalent to the class of Weyl type N Ricci-flat 
Kundt spacetimes. Recall that we use the different convention for indices of Wi 
and x^. Whereas in [38] indices z, j, . . . ranges from 1 to n — 2, throughout the 
thesis we consistently use j, . . . running from 2 to n — 1. 

Obviously, one may introduce a natural null frame in the VSI spacetime (2.94) 

4dx" = dM, na<ix"' = dv + H <lu + Wi<lx\ m^*) dx" = dx\ 

(2.95) 

tda = d,, n''da = du-Hd,, ml^da = di-Wid,. ^ ' 

Then, it immediately follows from (2.94) and (2.95) that 

Lu = ]^Wi,,, Lyu^ = Q, Lu = H^, (2.96) 

and all other components of Lab are zero. Using the notation of [ < ], the VSI 
class can be divided into two distinct subclasses with vanishing (e = 0) and 
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non-vanishing (e = 1) quantity LuLu, respectively. The canonical choice of the 
functions Wi is 

= -2-^, m,. = 0. (2.97) 

One may express the constraints imposed on the undetermined functions H and 
Wi following from the Einstein field equations and from the condition on the form 
of the Weyl tensor. Namely, for Ricci-fiat spacetimes of Weyl type N, in the case 
£ = 0, we obtain [38] 



1 ^ v-^ (2.98) 

H = H\u,x% Ai7°-^5^C^-25^4 = 0, 

whereas, in the case e = 1, one gets 
2v 

W2 = ^, Wi = Ci{u) + x^%(m), H = —— + H\u, X*), 

(2.99) 



where iJpj] = in both cases and j = 3, . . . , n — 1. Similarly, one may also find 
H°{u,v,x'') such that the VSI metric (2.94) with if = is flat [38] 

e = : Hi, = lx'x\Q,^ + %q) + ^i?,^%xV + x^F,(«) 



+ o I > C.fixy + ^QCjxV 1 , (2.100) 

6 = 1: i/o^^ = i ^ _ _^ ^ ^1^^^^) ^ X VF,(n), (2.101) 

where Fo{u), Fi{u) are arbitrary functions of u and Wi are given as for type N 
(2.98), (2.99). The one-form du is associated with the geodetic null vector field 
and therefore all Weyl type N VSI metrics (2.94) can be written in the KS 
form (2.1) as 

ds^ = dsL + - <0 d«l (2.102) 

Since a metric of general higher dimensional type N Einstein Kundt spacetimes 
has not been given explicitly in the literature yet, we cannot simply follow the 
above procedure in the case of such metrics. This prevents us from answering 
the question whether the implication stated in proposition 4 is valid also in the 
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opposite direction, i.e. whether there is an equivalency between the classes of type 
N Einstein Kundt spacetimes and non-expanding Einstein GKS spacetimes. 

However, we are still able to show, using the results of [41,42], that at least 
all four- dimensional type N Einstein Kundt metrics admit the GKS form. The 
metric of type N Kundt spacetimes admitting cosmological constant and possibly 
containing pure radiation can be expressed as [ i ] 



= -2;^dMdt;+ I 2A;— t; - - -H \ du 

+ Y2 ^"^""^ + '^^') ' 



(2.103) 



where 



k = ^a{uy + ^ {f3{uy + -f{uf) , (2.104) 
Q= (^l-^{x^ + y^)^ a{u) + f3{u)x + j{u)y, 

with a{u), P{u) and 7(m) being arbitrary functions of the coordinate u and H = 
H{x,y,u). These spacetimes are Einstein if 

P\H^,, + H,yy) + '^AH = 0, (2.105) 
which has a general solution [12] 

H = 2h^,-^{xh + yh), (2.106) 

where the functions /i = fi{u, x, y) and /2 = /2(m, y) are subject to fi^^ = f2,y^ 
fly = —f2,x- It can be shown that the Einstein metrics (2.103), (2.106) are 
conformally flat for 

H{x,y,u) = Ua(i- ^{x' + y')\ + Bx + Cy) , (2.107) 



where A{u), B{u) and C{u) are arbitrary functions of u. Therefore, all four- 
dimensional type N Kundt metrics (2.103) differ from the conformally flat case 
only by a factor of dv? and thus such metrics take the GKS form (2.11). 
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2.5.2 Warped Einstein Kundt generalized Kerr— Schild 
spacetimes 

In the previous section 2.5.1, we have presented explicitly known Weyl type N 
Einstein Kundt metrics in order to show that they can be cast to the GKS form. 
However, these metrics are either only four- dimensional but admitting cosmo- 
logical constant or arbitrary dimensional but only Ricci-flat. In this section, we 
employ these metrics again in order to construct examples of higher dimensional 
Einstein Kundt spacetimes belonging to the GKS class with an almost arbitrary 
cosmo logical constant by means of the Brinkmann warp product. 

As discussed in sections 1.4 and 2.3, the Brinkmann warp product (1.37) 
allows us to generate new n-dimensional Einstein GKS metrics ds^ (2.57) from 
known (n — l)-dimensional Einstein GKS seed metrics dS^ in the form (2.56). The 
cosmological constant of the warped metric ds^ is not completely arbitrary since 
its sign depends on the sign of the cosmological constant of the seed metric ds^. 
The allowed combinations of these signs were discussed in section 1.4. Let us also 
recall that the Brinkmann warp product preserves the Weyl type of algebraically 
special spacetimes. 

First, let us choose the n-dimensional type N Ricci-flat Kundt metric (2.94), 
(2.98) and (2.99), i.e. type N subclass of VSI spacetimes, as a seed ds^. The sign 
of the Ricci scalar R of the warped metric ds^ may be zero or negative. Omitting 
the trivial case of the direct product, we thus construct (n + l)-dimensional type 
N Einstein GKS metrics with a negative cosmological constant. One may use 
(1.44) to cast such metrics to the form conformal to the direct product 

ds^ = (2 du [dv + H{u, V, x^) du + Wi{u, v, x'') dx'] 

^ (2.108) 
+ 6ii dx' dx^ + dz^ ' 



where i,j = 2,...,ra — 1. Performing the coordinate transformation v = —Xvz"^, 
we easily put the above metric to the canonical Kundt form (2.93) 

1 



ds^ = 2du 
with z,j = 2,...,n and 



dv + Hdu + Widx' 



1 .k. 



6ijdx'dx\ (2.109) 



H = -——H{u, V, x^), dx"" = dz, 
—Xz^ 

~ 1 ~ 2v 

= -—W,{U,V,X''), Wn = ^. 

— \z z 



(2.110) 



In fact, metrics (2.108), (2.109) were already discussed in [37,39] in the context 
of CSI spacetimes and supergravity. 
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Although one may apply the Brinkmann warp product multiple times to ob- 
tain further and further solutions it does not lead to new results in this case. 
Since the (n + l)-dimensional metric (2.108) is of the form 

ds^ = (dz^ + g^^ dx'^ dx^) , (2.111) 

with g'^jj dx" dx^ = 2du[dv + H du + Wi dx*] + 6ij dx* dx-' not depending on the 
coordinate z. The second application of the warp product (1.37) gives 

d.- = 1^ + f{w) (-^ [dz^ + dx'^ dx^)) , (2.112) 

where the function f{w) is defined in (1.38). The seed metric (2.111) has a 
negative cosmological constant and therefore the only possibility is that the cos- 
mological constant of the warped metric (2.112) is negative as well. Then the 
coordinate transformation (2.61), where we replace Xi — )■ z, z — )■ w and A — > A', 
along with the relation A = X'b + (P following from (1.39) yields 



fH _ 

-Xz^ -X'P 



~9 ' 



(2.113) 



Substituting (2.113) and (2.114) to (2.112) immediately leads to 

ds'^ = (g^J dx" dx' + dw^ + dz^) (2.115) 

— A z \ / 

and using v = —X'vz"^, we finally arrive at (2.109) with (2.110) where moreover 

= 0, dx("+^) = dw. (2.116) 

Therefore, we obtained the same class of {n + 2)-dimensional metrics as in the 
case of applying the warp product on the subclass of {n+ l)-dimensional metrics 
(2.94) with Wn = and then swaps ni^ (n + l). 

So far we have used only the type N Ricci-flat VSI metrics (2.94) as a seed 
and thus we constructed higher dimensional type N Einstein Kundt GKS metrics 
with a negative cosmological constant. However, one can also warp the four- 
dimensional Einstein Kundt metrics (2.103). In this case, there are more possible 
combinations of the signs of the Ricci scalars R and R of the seed and warped 
metric, respectively. Recall that only the case with both Ricci scalars being zero 
or negative is free from curvature or parallelly propagated singularities at a point 
where f{z) =0. 
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Such five-dimensional warped metrics can be expressed, for instance, eitlier 
in tlie form conformal to a direct product using (1.40)-(1.45) as in tfie previ- 
ous case or directly in the GKS form using (2.57), (2.60) and the coordinate 
transformations (2.61)-(2.64). Here, we use the latter approach. 

First, we have to split the four-dimensional type N Kundt metric (2.103) into 
the background (anti-)de Sitter or Minkowski metric cjab and the Kerr-Schild 
term l-ikakb- The background metric can be obtained as a weak-field limit of 
(2.103) [43] 

ds^ = -2^ du dv + 2k^y du^ + (dx2 + dy2) . (2.117) 

Therefore, the four- dimensional type N Kundt metric (2.103) can be straightfor- 
wardly cast to the GKS form simply by reordering the terms 



ds^ = -2^ du dv + 2k^y du^ + {dx^ + dy^) 
v + ^-H] du' 




(2.118) 



p2 p 



where the functions P, Q and k are given in (2.104) and, obviously, the last term 
corresponds to the Kerr-Schild term 21-Lkaki,. These seed metrics with a four- 
dimensional cosmological constant denoted as A can be split to several geometri- 
cally distinct classes [13]. Depending on whether A and k is positive, negative or 
vanishing, we will denote such possible subclasses as KN(A"'", /c"*"), KN(A°, fc"*"), 
KN(AO, fc°), KN(A-,fc+), KN(A-,A;-) and KN(A-,fcO), respectively. 

Five-dimensional Ricci-fiat metrics obtained from KN(A"'", k'^) KN(A°, fc"*") 
and KN(A°, k^) belong to the VSI class and the warped metrics constructed us- 
ing the Ricci-fiat seeds from KN(A°, k^) and KN(A°, k^) are already contained 
in the class of warped VSI metrics (2.108). Therefore, we restrict ourselves to the 
cases with non-vanishing cosmological constants of the seed and warped metrics. 
Here, we do not present the warped metrics explicitly, instead, we give the coor- 
dinate transformations putting the corresponding background metric (2.117) to 
the canonical form. Then, one may perform the warp product (2.57) and employ 
(2.61)-(2.64) to cast the warped background metric (2.60) back to the canonical 
form. 

Generalized Kundt waves KN(A~,A;"'') 

The Kundt metric (2.103) with the canonical choice a = 0, /3 = a/2, 7 = 0, where 
the functions Q and k are given by the functions a, /3 and 7 via (2.104) 

Q = V2x, k = l, (2.119) 
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represents generalized Kundt waves KN(A~, One may put the anti-de Sitter 
background metric to the canonical form by means of the coordinate transforma- 
tion 





-X2 


-Z2 




a 




±— 


a 




- 








- A'2 - 


-Z2 



a; = ±— — -7 — 7^ , Y 



2xv ' 

a (1 + 2(/(') 



(2.120) 



X + T ' 2v 

2aZ ay 



where a = -y^— 3/A. 



Generalized pp- waves KN( A ,A; ) 

The subclass KN(A^,A;^) which generalizes |)|)-waves can be described by the 
canonical choice q; = 1,^ = 0,7 = leading to 

Q^l~^{x' + y% k^^. (2.121) 

In this case, the anti-dc Sitter background metric can be cast to the canonical 
form using the coordinate transformation 



— uv 



u 



\/2 f±\/X2 + F2 + ^2 _rj.\^ T = \/2 

a2 „ a^P 



2aZ ax 
X = , Y 



(2.122) 



2aY ^ ay 



where again a = ^J —Z/K. 

Generalized Siklos waves KN(A~,/c°) 

The last subclass with a negative cosmological constant A, generalized Siklos 
waves KN(A", A;°), is determined by the canonical choice a — l,^— i/— A/3 cos 9 
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and 7 = a/— A/3 sin 9. Tlie coordinate transformation 



u = ^ , T = —=- \ a — uv — 

V2{T + Y) V2v\ QJ 



1^ ^ a^P 



y2(T + F)' v^g 



V 



X 



{T + yy-X^-Z^ u ax 



(2.123) 



{T + X + Yf + Z^' y2gy' 



(T + x + r)2 + z2' 



with a = Y — 3/A, brings the background metric to the canonical form. Note that, 
in the special subcase when 9 is independent of u, such metrics are equivalent to 
the Siklos metric [43] 

ds^ = {du dr + H du'^ + dx^ + dy^) . (2.124) 

Obviously, since the Siklos metric (2.124) is conformal to pp -waves, one may ob- 
tain the same five-dimensional metric either by warping the Siklos metric (2.124) 
and using (2.61) or by warping pp-wscves and using (2.64). Thus, one may per- 
haps conjecture that appropriate seeds from KN(A~, k^) and KN(A°, k^) may 
lead to the same warped metric. 

Generalized Kundt and pp-waves KN(A+, k~^) 

In the case with a positive cosmological constant A, there is only one canonical 
subclass KN(A"'", k~^). The canonical choice is either a = 0, (3 = \/2, 7 = 
or a = 1, /3 = 0, 7 = 0, where both choices are equivalent and correspond 
to generalized Kundt or pp-waves. The functions Q and k are given in (2.119) 
and (2.121), respectively. The de Sitter background metric can be cast to the 
canonical form using the transformation 



u = , T 



X T VT^ - 


-Z2 


a 




± , ^ 




2VT2 - r2 _ 


Z2' 


2aVT2-F2. 


-Z2 


T + Z 




laY 




T + Z' 





X 



x = ± — , Y 

Z 



2xv 
a (1 + 2uv) 

ay 



(2.125) 



2xv 

a^ (2 - P) 
2xv 
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in the case of generahzed Kundt waves or 



V2Q 



V 



ax 



X = , Y 



V^VT2 - X2 


_ y2 ' 


2aX 




T ± VT2 - X2 


_ y2 ' 






T ± VT2 - X2 


_ y2 ' 


generalized pp - 


waves, 



ay 



(2.126) 



\/2Q 



2v ' 



2.6 Expanding Kerr— Schild spacetimes 

In the previous section 2.5, we have discussed the consequences of the Einstein 
field equations for non-expanding {6 = 0) Einstein GKS spacetimes. In that case, 
the Kerr-Schild function does not enter the trace (2.72) of the components 
(2.68) of the Einstein field equations, which then implies that such spacetimes 
belong to the Kundt class. In the expanding case (9^0), on the other hand, we 
can immediately express Dlog?^ from the trace (2.72) as 

Dlog-H = ^^f^ -{n- 2)6. (2.127) 
2.6.1 Optical constraint 

Substituting (2.127) back to (2.68) eliminates the Kerr-Schild function % and 
therefore we obtain purely geometrical condition on the geodetic Kerr-Schild 
congruence k 

LikLik 
{n-2)e' 

referred to as "the optical constraint" [27]. Suppressing indices in matrix nota- 
tion, the optical constraint (2.128) reads 

LL^ = aS. (2.129) 

It can be easily shown that L satisfying the optical constraint is a normal matrix 
since (2.129) can be rewritten as [44] 

(1 -2a~^L) (1 -2a-^L^) = 1, (2.130) 



LikLjk — -7 o\a^^i' (2.128) 
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where, obviously, the matrix 1 — 2«^^L is unitary, one may swap the terms on 
the left hand side of (2.130) to obtain an equivalent relation which then leads to 
the optical constraint in the form 



(2.131) 



Therefore, comparing (2.129) with (2.131), the optical matrix L commutes with 
its transpose and indeed it is a normal matrix. 

A real matrix M is normal if and only if there is a real orthogonal matrix O 
such that [45] 

(Ml \ 

M2 



O'MO 



V 



(2.132) 



MkJ 



where A4i is either a real 1x1 matrix or a real 2x2 matrix of the form 



Si 

-ai 



Si 



(2.133) 



This implies that the optical matrix Lij can be put into the block-diagonal 
form (2.132), (2.133) by appropriate spins (1-12) of the frame. Furthermore, such 
a canonical frame is compatible with parallel transport along the geodetic null 
congruence k [ I (>] . 

The sparse structure of the optical matrix Lij considerably simplifies the de- 
termination of its dependence on the affine parameter r along null geodesies k 
from the Sachs equation (1.30). Due to the block-diagonal form (2.132), (2.133) 
of the optical matrix Lij in the canonical frame, one may integrate (1.30). In the 
case of a block corresponding to the 1x1 matrix, we get 



(2.134) 



whereas, for a block consisting of the 2x2 matrix, the Sachs equation implies 



Li^i+i 
L(i){i) 



L{i+i){i+i) 



a 



0\2 



(2.135) 



+ 6°)2 + 



where and 6° are arbitrary functions not depending on r. Putting (2.134) and 
(2.135) to the optical constraint (2.129), we obtain 



a{r + 6°) 



(2.136) 
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for all values of the index i. Therefore, all functions 6° are equal and, without loss 
of generality, we may set them to zero. Thus, we may conclude that the optical 
matrix Lij of expanding Einstein GKS spacetimes in a canonical frame takes the 
block-diagonal form 



C 



(p) 



V 

with 2x2 blocks . . . , of the form 




(2.137) 



(m) 



5(2/.) 



A 



2/i,2/j+l 



(2.138) 



l2/i,2/i+l ■5(2/^) 

where the corresponding symmetric diagonal and anti-symmetric anti-diagonal 
parts are given by 

^0 



'(2m) 



r2 + (a? 



A 



2m,2m+1 



(2.139) 



respectively. The remaining block £ is (n — 2 — 2p) x (n — 2 — 2p) diagonal matrix 



£ = -diag(l^_^,0^_^), 

(m— 2p) {n—2—m) 



(2.140) 



where m and n — 2 denote the rank and dimension of the optical matrix Lij and 
p corresponds to the number of 2 x 2 blocks. Clearly, these quantities are subject 
to the relation 0<2p<m<n — 2. 

Now, we are able to express the expansion, shear and twist scalars defined in 
(1.23) as 



9 



a 



^l=l 



— (2V 
n-2 ' ^ 

p 
p 



+ (<2,))^ 



+ 



m — 2p 



r 



+ (a 
(a 



^2^2 
(2m) ^ ^ 

\2 



m — 2p , , ^9 



(2m) ^ 



M=l 



a 



^2^2 
(2m) ^ ^ 



(2.141) 
(2.142) 
(2.143) 
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and the quantity LijLij reads 

L,kLik = {n-2)e-. (2.144) 
r 

Using the above results, we can determine the r-dependence of the Kerr-Schild 
function Ti by integrating (2.127) 

^ ^ rm-2p-l n ^2 I ( ^0 ^2' (2.145) 

which is identical to the case with vanishing A discussed in [27]. 

Note that "H behaves as "H ~ ^^^^ for large r and therefore Einstein GKS 
spacetimes (2.11) are asymptotically (anti-)de Sitter or Minkowski depending on 
the cosmological constant of the background metric cjab as one approaches the null 
infinity along a null geodesic of the Kerr-Schild congruence k. The behaviour 
near the origin r = will be investigated in section 2.6.4. 



2.6.2 Algebraic type 

In section 2.2.2, we have already shown that GKS spacetimes (2.11) with a geode- 
tic Kerr-Schild vector k which include Einstein spaces are of Weyl type II or 
more special as follows from proposition 1. Moreover, non-expanding Einstein 
GKS spacetimes are necessarily only of Weyl type N by proposition 4. 

Now, we generalize the argument given in [27] for the Ricci-flat case to Einstein 
spaces in order to show that expanding Einstein GKS spacetimes are incompatible 
with Weyl types III and N and therefore such spacetimes are only of types II, D 
or conformally flat. 

The boost weight zero components of the Weyl tensor vanish, by definition, 
for Weyl types III and N. In particular, the vanishing frame components Cqhj of 
Einstein GKS spacetimes given by (2.40) and (2.76) imply 

Li^Bn = 2nAkLkj. (2.146) 

Multiplying the above equation by Lij and using the optical constraint (2.128), 
one obtains 

SuB-H = 2nAkSki. (2.147) 
Taking the trace of (2.147) and eliminating the constant factor {n — 2) gives 



OBH = 0. 



(2.148) 
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Next, we employ the Einstein field equations. Substituting DTi = to (2.67) 
leads to a; = 0, therefore, the optical matrix is symmetric Lij = Sij and one may 
rewrite (2.68) as 

SikSjk = {n- 2)eS,j. (2.149) 

In a frame of the eigenvectors, Sij takes the form Sij = diag(s(2), S(3), . . . , S(„_i)) 
and (2.149) reduces to s^^^ = S(j) sq) which has the only solution 

= diag(s,0, ...,0). (2.150) 

Indeed, substituting DTi = along with (2.150) to the Weyl tensor cancels the 
remaining non- vanishing boost weight zero components Cquj (2.39), (2.75) and 
Cijki (2.41), (2.77). 

The canonical form of the optical matrix Lij for Ricci-fiat spacetimes of type 
N and non-twisting subclass of type III was determined in [2] using the Bianchi 
identities and the fact that Cabcd = Rated- The same result can be also obtained for 
Einstein spaces since the additional terms in the Weyl tensor of such spacetimes 
(2.73) are proportional to the cosmological constant A and the metric tensor gab 
which does not affect the Bianchi identities, i.e. Cab[cd;e] = Rab[cd;e]- Therefore, 
in the case of non-twisting Einstein spacetimes of types III and N, the canonical 
form of the optical matrix is 

= diag(s,s,0,...,0). (2.151) 

The form of the optical matrix of expanding Einstein GKS spacetimes with 
D'H = (2.150) is not compatible with the form of the optical matrix for general 
non-twisting Einstein spacetimes of Weyl types III and N (2.151). Consequently, 
expanding Einstein GKS solutions of types III and N do not exist and we can 
conclude that 

Proposition 5 Einstein generalized Kerr-Schild spacetimes (2.11) with an ex- 
panding geodetic Kerr-Schild congruence k are of Weyl types II, D or conformally 
flat. 

Note that the conformally fiat case occurs only if we admit the cosmological 
constants of the full and background spacetimes not to be equal, otherwise "H has 
to vanish and gab is given just by the background metric gab- 
Conversely, one can immediately see that D'H has to be non-vanishing in 
expanding Einstein GKS spacetimes and thus the Kerr-Schild function "H has to 
depend on an affine parameter along the null geodesies k. If we compare this 
result with the r-dependence of "H (2.145), it is obvious that m ^ 1. Therefore, 
in accordance with the Goldberg-Sachs theorem, the optical matrix of expanding 
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Table 2.1: Weyl types compatible with Einstein generalized Kerr-Schild space- 
times depending on the values of the expansion scalar 9. 







Weyl type 




Expansion 


II 


D III 


N 


= 


X 


X X 


/ 




/ 


/ X 


X 



Einstein GKS spacetimes is necessarily non-shearing in the case n = 4 since it 
consists either of one 2x2 block (2.138) or of the unit matrix multiplied by r^^. 
The optical constraint can thus be essentially considered as a higher dimensional 
generalization of the Goldberg-Sachs theorem for Einstein GKS spacetimes which 
states that there is no shear in two dimensional planes spanned by two spacelike 
frame vectors m^*-', m'^^'> corresponding to the 2x2 blocks in the optical matrix. 

Now, we are able to summarize all possible algebraic types of Einstein GKS 
spacetimes. Omitting more general types G and I, excluded by proposition 2, 
and the trivial conformally flat case, the allowed combinations of the Weyl types 
and values of the expansion scalar are depicted in table 2.1. 

Let us conclude that Einstein GKS spacetimes of Weyl type N admit only a 
non-expanding Kerr-Schild congruence k and belong to the Kundt class. Type 
III is incompatible with the GKS ansatz in the case of Einstein spaces, whereas 
types II and D imply that such spacetimes are expanding. 

Note also that the higher dimensional Robinson-Trautman class contains only 
solutions of Weyl type D [16] and although there is an intersection with type D 
Einstein GKS spacetimes, such as the Schwarzschild-Tangherlini black hole, in 
general higher dimensional Robinson-Trautman metrics do not admit the GKS 
form. However, it was shown in [ U'^] that general Robinson-Trautman metric 

ds^ = ^7ij- dx^ dx^ - 2du dr - 2Hdu^ (2. 152) 

is conformally flat and Einstein if is of constant curvature which then implies 

7jj = 5ij, P = a{u) + hi{u)x'^ + c{u)5ijX^x\ (2.153) 

where a{u), hi{u) and c{u) are arbitrary functions of the coordinate u. Therefore, 
every Einstein Robinson-Trautman metric (2.152) possibly admitting aligned null 
radiation in the Ricci tensor with and P of the form (2.153) differs from the 
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corresponding (anti-)de Sitter or Minkowski background by the factor 

2mah dx" dx^ = 2{H - H'>) du^ = du''. (2.154) 

If the function /x(m) does not depend on u, such metrics describe static (A)dS- 
Schwarzschild-Tangherlini black holes. Otherwise, a null radiation term appears 
in the Ricci tensor and the metric corresponds to the Vaidya solution. 



2.6.3 r-dependence of the Weyl tensor 

The boost weight zero components of the Weyl tensor of Einstein GKS spacetimes 
(2.74)-(2.77), (2.38)-(2.41) are given only in terms of the optical matrix Lij, 
the Kerr-Schild function and its first and second derivatives DT-L and D^T/, 
respectively. This now allows us to determine easily the r-dependence of these 
components of the Weyl tensor using the r-dependence of the quantities Lij and 
T-t derived already in section 2.6.1. We will employ these results later in order 
to discuss the presence of curvature singularities in expanding Einstein GKS 
spacetimes in section 2.6.4. 

It is convenient to adopt more compact notation for the boost weight zero 
components of the Weyl tensor [13] 

<^ij = Coiij, $ = Coioi, <I>J- = -^Cikjk, "^fj = ^Coiij. (2.155) 
First, we express the derivatives of the function "H from (2.145) 

D^-H = I ("^-2p-l)(m-2p) 

P . V 1 \ P 1 

+ («(2M))' ^ + («(2p))V y + («(2.))' 

Substituting the r-dependence of the optical matrix Lij (2.137)-(2.140) and the 
function "H (2.145) and its derivatives (2.156), (2.157) to the expressions for the 
corresponding boost weight zero components of the Weyl tensor (2.38)-(2.41), 
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(2.74)-(2.77), we immediately obtain the r-dependence of $ 



'Ho 



m — 2p — 2 



+ 



1 



+ K2,))^ 



n 



p^i-^ + K^P))" 



(2.158) 



2/i,2/i+l 



2/i,2/i+l 

'Ho 



-I){'HA2^,2^+i) 

^0 



r™-2p-2r2 + (a0 )2 



'(2m) ^ 
1 



+ («?2.))^ 



m — 2]9 — 1 



n 

p=i 



+ 



^' + K2p))'' 



a/3 



(2.159) 



(2.160) 



Hence, reproduces the block diagonal structure of the optical matrix Lij, 
where /i, z/, . . . = 1, . . . ,p number the 2x2 blocks, whereas the elements of the 
diagonal block are indexed by a, (3, . . . = 2p + 2, . . . ,n — 1. Similarly, one may 
determine the r-dependence of the remaining non-vanishing boost weight zero 
components Cijki 



2/i,2/t+l,2/j,2/i+l 



2H {3A^ 
Ho 



-2 



2/f,2/t+l {2/4) 



j,m—2p—l 



n 



G 



(2m) 

2C2/t,2i^+l,2M+l,2i^ 



2C2/i,2i/,2M+l,2!/+l 

A ^0 



^^ + K2.))^^ 



(2.161) 



12/1,2^+1 ^2j/,2i^+l 
.0 



a 



(2m) 



'(2^) 



n 



^m-2p-l ^2 + (^0^^p2 ,2 + (^0^^p2 11 ,2 + (^0^^^)2^ 



(2.162) 



C2fj,,2iy,2fi,2i/ — C2^,2u+l,2iJ.,2u+l — —'^'HS(2^)S{2u) 

^ Ho 1 1 



V™-2p-3 ,2 + (^0^^^)2 ^2 + («0^^^)2 11 ^2 + (^0^^^)2 ' 



n 



(2.163) 
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where fJ^ ^ i^- 



\m-2l-1 + (a0p2 n ,2 + (^o^^^)2' (2-164) 



2.6.4 Singularities 

Let us briefly discuss curvature singularities of expanding Einstein GKS metrics. 
It is obvious from the r-dependence of the Kerr-Schild function "H (2.145) that it 
may diverge for r — )■ 0. Namely, "H and consequently the full GKS metric blows 
up at r = in the following cases: 

• in the "generic" case when neither 2p = m nor 2j9 = m — 1, or 

• in the special cases when 2p = m (for m even) or 2p = m — 1 (for m odd) 
if at least one of the functions '^('2^), not depending on r, admits a real root 
at X = xq. 

One may express the Kretschmann scalar at the singular point to verify whether 
there is a real curvature singularity. Omitting the trivial conformally flat case, 
expanding Einstein GKS spacetimes are of Weyl types D or II as follows from 
proposition 5. Thus, the positive boost weight components of the Weyl tensor 
and consequently the corresponding components of the Riemann tensor vanish. 
Note that the negative boost weight components do not have the appropriate 
counterparts in the following contractions. For instance, the term RQiunakhkcm!"^ 
may give a non-zero contribution only with the term RiQQik°"n}'n'^m'^^y Therefore, 
the Kretschmann scalar is determined only by the boost weight zero components 
of the Riemann tensor 

RabcdR"''^"'' = 4 (-Roioi)^ "~ 4:RoiijRoiij + ^RoajRoju + RijkiRijki- (2.165) 

Expressing the frame components of the Riemann tensor in terms of the Weyl 
tensor from (2.74)-(2.77) and using the notation (2.155), we can rewrite the 
Kretschmann scalar as 

RabcdR^''"" = 4$' + 8<l>g<l>g - 24$^$^. + QjmQjh 

8n 2 (2.166) 

(n-l)(n-2)2 ■ 

The only additional term in comparison with the Ricci-flat case [27] is the last 
constant term proportional to which clearly cannot influence the divergence 
of the Kretschmann scalar and thus the presence of singularities. 
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Let us discuss behavior of (2.166) for r — )■ in the above mentioned singular 
cases. The Kretschmann scalar consists of a sum of squares, except the third 
term which is negative, and, as we will see, it is sufficient to compare only the 
first and the third term. 

In the "generic" case 2p 7^ m, 2p 7^ m — 1, one may determine the behaviour 
of the following quantities near r = from the r-dependence of % (2.145) and 
^2^,2^+1 (2.139) 

n n (2-167) 

A2^,,2^,+l ~ 1 if a(2^t) T 0, ^2/x,2m+i =0 if a(2^) = at x = Xq. 

Substituting (2.167) to (2.159) and (2.160), we obtain that $ ~ r-^rn-2p+i) 
either $^^,2^+1 ~ ^-('"-^f) for a^^^-^ ^ or $^^,2^+1 = ^r a^^-^ = 0. Therefore, 
the first term dominates over the third term in (2.166) and the Kretschmann 
scalar diverges. Thus, in the "generic" case, a curvature singularity is always 
located at r = 0. 

Note that this case also includes all non-twisting expanding Einstein GKS 
solutions, where p = 0, such as the higher dimensional (A)dS-Schwarzschild- 
Tangherlini black holes. A five-dimensional example of these metrics will be 
presented in section 2.6.5 as a static limit of the (A)dS-Kerr metric (2.179) with 
m = 3, p = 0, where the corresponding optical metric Lij and the function T-i 
will be also given explicitly. 

Similarly, one may analyze the special cases 2p = m (for m even) , 2p = m — l 
(for m odd) where some of the functions CL^2ti) have real roots. Let q {q > I) 
denotes the number of such vanishing 0(2^)- Now, from (2.139) it follows that if 
a°2^-) has no root then ^2^,2/^+1 ~ 1 near r = 0, whereas if a°2^^ admits a root 
X = xq then ^2^,2/^+1 = at this point. The Kerr-Schild function "H (2.145) and 
its derivatives behave for 2p = m as 



'Ur^r-'^i+\ D-^_^-29^ D^-H-r-^^-^ (2.168) 

therefore, $ ~ ^-2g-i gj^(^ ^fj^tj ~ 2(p — q)r~^'^. In the case 2p = m — 1 one gets 

nr^r-^\ DH~r-29-i, D^H-r-^^-a (2.169) 

and consequently $ ~ g^^j ^fj^fj ~ 2(p — g)r~^(^'^+^). Therefore, in both 

special cases 2p = m and 2p = m — 1, the first term in (2.166) dominates again 
over the third term and if any 0'^2fi) ^ ^^^^ root at x = Xq then a curvature 
singularity is located at r = 0, x = xq. Note that this corresponds, for instance, 
to the well-known ring shaped singularity of the Kerr black hole. 

As will be shown in section 2.6.5, these special cases are represented, e.g., by 
the five-dimensional Kerr-(A)dS metric (2.179), where the optical matrix Lij of 
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rank m = 3 has, in the rotating case, one 2x2 block, i.e. p = 1. The function a^^) 
is given by the spins a, b as (a^2))^ = cos^ O + b"^ sin^ 6*. If one of the spins is zero, 
a°2-) admits a root and, indeed, this corresponds to the special case {2p = m — 1, 
m odd) with a curvature singularity located at r = 0. In the case with both 
spins being non-zero, this metric belongs neither to the "generic" case nor to the 
special cases since a^^) never vanishes and therefore no singularity is present at 
r = 0. 



2.6.5 Example of expanding Einstein generalized 
Kerr— Schild spacetime: Kerr— (A)dS 

In this section, we compare our results obtained for general expanding Einstein 
GKS spacetimes with an explicit physically interesting example, namely, the 
higher dimensional Kerr-(A)dS metric. Considering such metrics in five dimen- 
sions, we find a parallelly transported frame which allows us to express the optical 
matrix Lij in the block-diagonal form. Subsequently, we compare this optical ma- 
trix and the Kerr-Schild function T-t with the r-dependence of the corresponding 
quantities of general expanding Einstein GKS spacetimes derived in the previous 
sections and discuss the presence of curvature singularities. 

The higher dimensional Kerr-(A)dS metric is an example of an expanding 
Einstein GKS spacetime describing a black hole rotating in [{n — 1)/2J inde- 
pendent planes with a possible cosmological constant A. In this sense, it is a 
generalization of the Myers-Perry black hole, which can be obtained by taking 
the limit A — )■ 0. The Kerr-(A)dS metric in arbitrary dimension was derived 
in [30] in the GKS form (2.11) using the spheroidal coordinates consisting of the 
radial coordinate r, time coordinate t, \_{n — 1)/2J azimuthal angular coordinates 
and [n/2\ coordinates /z, subject to 

Ln/2J 

E = 1- (2.170) 

i=l 

The background metric cjab, Kerr-Schild vector k and function Ti in n = 2k + 1 
dimensions are given by 

^ 2 _|_ 2 

U dx'^ dx' = -W{1 - \r') dt^ + F dr^ + V L-±^(dfi^^ + ^^2) 



i=l 
2 I ^2-] 



+ 



^ (r^ + a|)/iid/i^ \ 

^ 1 + Aa? ' ^ ^ ^ 
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k 2 

fcadx" = dt + Fdr - V ^ d(/.,, (2.172) 

M 

^ = 1 -2 1 , (2-173) 

whereas in n = 2k dimensions 

-g., dx^ dx' = -Wil - Xr^) df + Fdr^ + J2 + E f^/^? d0,^ 

i=l ^ i=l ^ 

, A / A (r^ + a-)/i. d/ij ^ 

,2 



fcadx" = VTdt + Fdr- V— ^^d0i, (2.175) 



k—l 

. , - + Xai 
1=1 ' 

M 

^ = -, 2 , (2.176) 

where the functions W and F are defined as 

i=l ' j=l ' 

and A is related to the cosmological constant A via 

2A 

A = 7 ^7 (2.178) 

{n-l){n-2) ^ ' 

In five dimensions, one may choose the coordinates /Xj as /ii = sin 6, ^2 = cos 6 
that clearly satisfy (2.170) and denote the azimuthal coordinates as 0i = 0, 
<i)2 = ip and the rotation parameters as oi = a, 02 = The background metric 
Qabi Kerr-S child vector k and function "H are then given by 

dr dr = - df A - dr 

(1 + Aa2)(l + A62) ^ (1 - Ar2)(r2 + a''){r^ + 6^) 

,.9 (r^ + a^) sin^ 6^ , (r^ + 6^) cos^ 6* ,,5 , „ , 

" {1 + Xa^){l + Xb^) (1 - Ar2)(r2 + a2)(r2 + 62) ^ 

a sin^ 6* , , 6 cos2 6' , , , , 

M 

7/ = -^, (2.181) 

p2 
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where the angular coordinate ranges are as usual 6* G (0,7r), G (0,27r), ip G 
(0, 27r) and the functions p, A and v are defined as 

= r'^ + A = 1 + Az/^ z/ = cos^ ^ + 62 sin^ ^. (2.182) 

In agreement with propositions 1 and 2, it can be shown by a straightforward 
calculation that the Kerr-Schild vector k (2.180) is the geodetic multiple WAND. 
Moreover, k is already scaled to be affinely parametrized. 

Now we construct a parallelly transported null frame, with k being one of the 
vectors, such that the optical matrix Lij takes the block-diagonal form (2.137). 
However, first of all we find an arbitrary null frame satisfying the constraints 
(1.8) and then we can transform it to the desired form using null rotations and 
spins which preserve k. 

Note that, unlike the full Kerr-(A)dS metric, the background metric cjab 
(2.179) is diagonal and much more simpler. Therefore, it is easier to construct a 
null frame in the background spacetime A;, n, m*^*) which is related to the frame 
in the full spacetime A;, n, m*^*^ by (2.24). One may immediately express the 
inverse background metric as 



—ab 



d d (1 + Aa2)(i + A62) /5 V A/9 



dxadxk (l-Ar2)A \dtj \de 

(r2 + a2)sin2 V^0/ (r2 + 62) cos2 ^ V^^. 
(l-Ar2)(r2 + a2)(^2^52) 



r2p2 \^^7- 

Since g'^^ is diagonal we can easily choose the covector n same as k with the only 
difference that we change the sign of the "dt" component to ensure that ft is 
also null and then we multiply it by an appropriate factor to satisfy the frame 
normalization g°'^kanb = 1 

l-\r\^^ (1 + Aa2)(l + A62)r2p2 
^^^^ = + 2A(r2 + a2)(.2 + 52) 

_ a(l + A62)(l-Ar2)sin2g (2.184) 
2A ^ 
6(1 + Aa2)(l - Ar2)cos2^ , , 

2A 



Consequently, the corresponding frame vector n in the full spacetime is given by 
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(2.24) as 

Uadx" 



MA 



1 - Xr" 



p2(l + Aa2)(l + A62) 
+ 

+ 

+ 



dt 



(r2 + a2)(r2 + 62) 
M 



(1 + Aa2)(l + A62)p2 
2A 



(1 - Ar2^ 
M 

p2(l + Aa2) 
M 

p2(l + A62) 



. /(1 + A62)(l-Ar2) 
dr - a 9 ( ^ ^ 

1 + Aa2)(l-Ar2 



(2.185) 



dcp — b cos^ 9 
dip. 



2A 



It remains to determine three spacelike frame vectors. A general spacelike 
vector is of the form rria dx"" = A dt+B dr+C d9+E d(f)+F dip. The orthogonality 
conditions g'^^kaimii = g°'^namh = imply that A = and B = -E ^a^^^ + P rA-h"^ ' 
Then from g"-^mam[, = 1 it follows that 



p2 



1 + Aa2 cos2 9 
p2 sin^ 9 



K2 1 



+ 2EF 



2M 



ab{l — Ar 



1 + A62 sin^ 9 a 

+ 



p2 C0S2 9 



^2p2 



1. (2.186) 



Obviously, the simplest solution isC = p/vA, E = F = which determines the 
first of the spacelike frame vectors m*^2) 



m, 



dx" 



P 



d9. 



(2.187) 



Expressing g'^^m^a^mh = 0, one obtains C = and therefore the "d^" component 
of two remaining spacelike vectors has to vanish, i.e. 

b 



m 



E, 



r2^]j2 



dr + E^d(j) + F^dip, k = 3, 4. (2.188) 



The four unknown functions Ef^, F^ have to satisfy three equations following from 

i-x. ■ ■ ^ ■ -ab (3) (4) ri -ab (3) (3) -ab (4) (4) , , . , 

the remaining constraints g rria ml = U, g rria ml = g ma ml =1, which 
are rather complicated to solve at this moment. Since there is an arbitrariness, 
we can try to find m^^^ to be parallelly transported along A;, i.e. to satisfy the 
condition m^^^k"" = 0. Only the contraction m^^lk^m^^^) sufficiently simple to 
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express and we obtain E2 = F2 '''^™2 a relating the functions E2, F2. Putting this 

Ct COS (/ 



expression to the normahzation g'^^m^^m[^^ 



1 yields F2 



and therefore 



m 



1^) dx" 



abr 

V 



sin^ Q cos^ Q 
+ 



+ + 6^ 

ar cos^ ^ 



dr 



6r sin^ ^ , 

+ d0 



(2.189) 



The remaining unknown functions £"1, Fx can be determined from g°'^Wba'vrL'^^ = 
leading to ^1 = -Fif and subsequently ^'^''mi^^mf ^ = 1 implies Fi = ''p^'^^'^J'^ 
Finally, we thus obtain 



1^) dx" 



p sin 9 cos 9 



+ 



dr — a d0 + 6 d?/' 



(2.190) 



So far we have constructed the null frame consisting of A; (2.180), n (2.185), 
m^^'' (2.187), m^^^ (2.190) and m*-^^ (2.189) which can be expressed in the con- 
travariant form as 



k 



n 



m 



(2) 



m 



(3) 



m 



(4) 



d d 



d 



d 



1 — Ar^ dt dr + a? dip 
I(l + Aa2)(l + A62)(l-Ar2) M 

2 



2 A 

1 + Aa2)(l + A62) 9 



k 



+ 



A 



df 



A d 

~yd9' 
p sin 9 cos 9 



+ 



(62-a2)(l-Ar2) d a(l + Aa^) d 



Av 

6(1 + \\?) 



d 



dr (r^ + a?) sin 6' dip 



"1 - Ar2 9 1 + Aa2 9 I + Xh"^ d 



dr a{r'^ + a^) b{r'^ + 6^) 9'?/' 



(2.191) 



One may show that although this frame is not parallelly transported along the 
geodetic Kerr-Schild vector k, it is already adapted to the block-diagonal form 
of the optical matrix Lij, where the 2x2 block corresponds to the plane spanned 
by the frame vectors m^"^^ and in^^\ 

Recall that the condition that a frame is parallelly transported along a geode- 
tic (Ljo = 0) and affinely parametrized (Lio = 0) null congruence k can be written 
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using Ricci rotation coefficients as 

Nio = Mjo = 0. (2.192) 

Considering our chosen frame (2.191), we have to transform away the following 
non-zero coefficients 

A(a^ — 6^) sin6'cos^^ A(a^ — 6^)r sin^cos6' 

^20 = 7^ 5 ^30 



pVA pWA (2.193) 

Xab 2 u 3 u 

Nio = , Mso = ^, M20 = — 0, 

by appropriate Lorentz transformations. First, it is convenient to perform spins 

i 

to set Mjo to zero since this simplifies the equations determining the parameters 
Zi of an appropriate null rotation around h setting iVjo to zero. 

Note that null rotations with h fixed and spins in any plane spanned by m^'^ 
and m^^^ corresponding to a 2 x 2 block in the canonical form of the optical 
matrix Lij preserve the block-diagonal form of this matrix. 

Therefore, we assume the transformation matrix of appropriate spins (1-21) 
in the form 

^cos£:(r) — sin£:(r) 0^ 
Xij = I sine(r) cos£(r) | . (2.194) 
1^ 

Requiring Mjo = and using the orthogonality X^^ = X'^ of the transformation 
matrix, it follows from (1-21) that 

DX = -XM. (2.195) 

This is satisfied if D£:(r) = = .^2 ^,^2 which has a solution e{r) = tan~^ ^ and 
therefore 

n -I o\ 

X., = U ^ . (2.196) 
\0 1/ 

Thus, the spin represented by the transformation matrix (2.196) ensures that 

i 

all Mjo vanish and NiQ transform as 

z/,^ r ,^ A(a^ — 6^) sin^ cos^ 
iV2o = -A^2o - -A^30 - 



P P VAu .2.197) 

r u - Xab 

A^so = -A^2o + -A^30 = 0, N^o = N^o = 

P P ^ 
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and now we set the remaining N20, N4Q to zero using an appropriate nuU rotation 
with k fixed (1-19) which leads to 



(2.198) 



Requiring iVjo = and substituting (2.197) to (2.198), we can integrate over r to 
obtain the functions 



A(a^ — 6^)r sin 6* cos 6* 
Z2 = 7= , Z4 



Xabr 



V 



(2.199) 



Therefore, we have found a parallelly transported frame fc, n, m*^^\ frS^\ m*^^-* 
which is related to the null frame fc, n, m^^\ m^'^^ mS'^^ (2.191) by 



1 AV 



P 



m 



2 z/2 
-m*-^-' m 



2 1,2 
a 



A 



(2.200) 



(3) 



P 



The optical matrix L^- of the five-dimensional Kerr-(A)dS metric (2.179)- 
(2.181) can be straightforwardly expressed in the parallelly transported frame 
(2.200) as 

M 

, (2.201) 

which is obviously of rank m = 3 and contains one 2x2 block, i.e. p = 1, where 

r . V 



r 

p2 
V 


V 
p2 
r 




p2 









S(2) 



+ 



2,3 



J.2 _|_ ^2 



(2.202) 



One may compare this particular optical matrix (2.201) and the Kerr-Schild 
function 1-i (2.181) of the five-dimensional Kerr-(A)dS metric with the corre- 
sponding quantities Lij (2.137) 



S{2) ^2,3 
^ij = I —^2,3 5(2) 









1 

r 



(2.203) 
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and n (2.145) 

^ = '^^^rTTirT2 (2.204) 

+ (^(2)) 

of general expanding Einstein GKS spacetimes with the same parameters n = 5, 
m = 3, p = 1, where 

aP 

'^"^ = r2 + (a0,))2' "^^'^ = r2 + (a0,))2- ^^.205) 

The presented optical matrices (2.201), (2.203) and the functions "H (2.181), 
(2.204) are in accordance and obviously 



aj's) = z/ = Va2 cos2 O + b"^ sin^ 6, Ho = -M. (2.206) 

Now we employ the results of section 2.6.4 to investigate the presence of curva- 
ture singularities at r = in five-dimensional Kerr-(A)dS spacetimes. According 
to number of non-zero rotation parameters a, h our discussion can be split into 
three distinct cases. 

In the first case where both rotation parameters are non-zero a 7^ 0, 6 7^ 0, the 
optical matrix Ljj has one 2x2 block, i.e. p = 1, and therefore 2p = m — 1. This 
corresponds to the special cases in section 2.6.4 when a curvature singularity is 
presented if a^^^) (2.206) admits a real root. Since cos^ 6 + h'^ sin^ never vanish 
there is no curvature singularity . 

If we set one of the rotation parameters to zero, for instance a 7^ 0, 6 = 0, 
then the optical matrix Lij has still one 2x2 block and therefore 2p = m — 1. 
However, now aP^^) — ^ cos 9 has a real root at ^ = | and this corresponds to the 
ring-shaped singularity known from the four- dimensional Kerr solution. 

Whereas in the previous cases the presence of a curvature singularity depends 
on the behaviour of the function a°2), in the last static case a = 6 = 0, the 
Kerr-(A)dS metric reduces to the (A)dS-Schwarzschild-Tangherlini black hole 
where the optical matrix Lij is obviously diagonal, i.e. p = 0. Since neither 
2p = m — 1 nor 2p = m, this corresponds to the "generic" case in section 2.6.4 
where a curvature singularity is located at r = 0. 



2.6.6 Expanding generalized Kerr— Schild spacetimes with 
null radiation 

In this section, we present two explicit examples of expanding GKS spacetimes 
with a null radiation term in the Ricci tensor which is aligned with the Kerr- 
Schild vector k as in (2.91). Namely, the Kinnersley photon rocket and the 
Vaidya shining star. Both solutions belong to the Robinson-Trautman class of 
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spacetimes admitting an expanding, non-shearing and non-twisting geodetic nuU 
congruence. 

First, let us point out the differences between four and higher dimensional 
cases. In four dimensions, the Robinson-Trautman class contains solutions of all 
algebraically special Petrov types II, D, III and N, see, e.g., [9]. On the other 
hand, in higher dimensions, the form of the optical matrix of spacetimes with 
non-zero expansion and vanishing shear and twist Lij = 66ij excludes Weyl types 
III and N. It follows directly from the fact that all type N and non-twisting type 
III Einstein spacetimes have the optical matrix of rank 2 which, in an appropriate 
frame, takes the form Lij = diag(s, s, 0, . . . , 0) [ ] and therefore, omitting the 
Kundt class, these types III and N spacetimes are non-shearing only in dimension 
n = 4. Indeed, it was shown in [ 1 ] that the higher dimensional Robinson- 
Trautman class is not so rich as in the four-dimensional case and contains only 
solutions of Weyl type D. 



Kinnersley photon rocket 

The Kinnersley photon rocket [- ] is a four- dimensional solution of the Einstein 
field equations with a null radiation term on the right-hand side representing 
arbitrarily moving test particle in the Minkowski background due to the back- 
reaction caused by emitted photons. The metric of such spacetime admitting 
the KS form (2.1) can be generalized by adding a cosmological constant A and 
is of Petrov type D [13]. This suggests that it could have a higher dimensional 
analogue. 

Such a solution in arbitrary dimension was found as a special case in [2G], 
where Kerr-Schild metrics with an acceleration due to null radiation were studied 
in the context of the Einstein-Maxwell theory. Subsequently, a cosmological 
constant A was taken into account in [ 17] and enters the metric via the Kerr- 
Schild function "H 

m(u) A r, , , 

^ = H - 7 ^77 ' 2.207 

in the KS form (2.1) with the flat background metric expressed in the Cartesian- 
like coordinates as 

2 

r]ab dx" dx^' = ^6ij dx' dx^ - 2du dr - (^1 - 2r (log P) dw^ (2.208) 

where 

p = (iO - ii) - S.^z^x' + ^ (i° + z^) 5^jx'x^ (2.209) 
and the Kerr-Schild vector k is given by 



k''da = dr. 



(2.210) 



64 



2.6. Expanding Kerr— Schild spacetimes 



The limit m = represents an (anti-)de Sitter spacetime. Therefore, the metric 
can be cast to the GKS form (2.11) since we can spht T-L = Tim + 'Ha to the parts 
containing only m{u) or A, respectively, and then denote (jab = Vat — ^HAkaki, 
which is obviously an (anti-)de Sitter background metric and where T-Lmkakb now 
corresponds to the Kerr-Schild term. 

The Ricci tensor takes the form (2.91) with a null radiation term aligned with 
the Kerr-Schild vector k, where $ is given by 

n — 2 / \ 
^ = 7^ ((^ - 1)"^ (log P\u - ^^u) . (2.211) 

As already mentioned above, this higher dimensional solution is of the Weyl 
type D with an expanding, non-twisting and non-shearing null congruence corre- 
sponding to the Kerr-Schild vector k. An arbitrary motion of a photon rocket 
can be prescribed by an appropriate choice of the functions z"'{u) defining a time- 
like worldline in the flat background metric with u being the proper time. Such 
various trajectories and corresponding radiation patterns of emitted photons and 
mass loss of the rocket were studied in [18]. 

Note that, for a rocket at rest, photons are radiated isotropically and the 
Kinnersley metric reduces to the spherically symmetric Vaidya solution. 



Vaidya shining star 



The four-dimensional Vaidya solution originally found in [19] is a non-static gen- 
eralization of the Schwarzschild metric representing a spherically symmetric star 
losing mass which is carried away by emitted radiation. The higher dimensional 
Vaidya metric obtained in the Ricci- fiat case [ ] and subsequently in the case 
of Einstein spaces [50] can be transformed to the KS form (2.1) with the fiat 
background metric as 



-de 



+ 2 



dr' + dnl_,) 
Ar^ 



m[U) 



+ 



(n-2)(n- 1) 



(dt - dry 



(2.212) 



and differs from the Schwarzschild-Tangherlini metric (2.8) in the way that the 
mass m{u) may vary and depends on the retarded time u = t — r. This leads to 
the null radiation term 

^ (2.213) 



-m , 



appearing in the Ricci tensor of the form (2.91). The metric (2.212) can be 
transformed to the GKS form (2.11) with an (A)dS background by introducing a 
new time coordinate t' 

t' = t+ I dr, (2.214) 
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where A is given by the cosmological constant A via (2.178), or exphcitly for a 
positive and negative cosmological constant 

ft - r + 4t tanh"^ y/\r A > 0, , , 

t' = { ^ ^ , 2.215 

[t - r + ^tan-^ V^r A < 0, 

respectively. Therefore, the cosmological constant A moves from the Kerr-Schild 
function to the background metric and one thus obtains 

d.^ = -(1 - Ar^) df' + + dfi?„_,) 

9 r W r ^ 2 ^2.216) 

^ 2m{u) dr 



where the first three terms represent the corresponding (anti-)de Sitter back- 
ground metric in the spherical coordinates. 

Note that some other generalizations of the Vaidya metric are known. Four- 
dimensional charged Vaidya metrics in the electro-vacuum case were investigated 
in [51]. It was shown there that the four-dimensional Reissner-Nordstrom- Vaidya 
metric is of Petrov type D and the four-dimensional Kerr-Newman- Vaidya solu- 
tion is of Petrov type II unlike the Kerr-Newman black hole which is of type D. 
Vaidya solutions were studied also in the Einstein-Maxwell theory with sources, 
for instance, a four-current proportional to the Kerr-Schild vector k was consid- 
ered in [521. 



2.6.7 Warped expanding Einstein generalized 
Kerr-Schild spacetimes 

In section 2.5.2, we employed the Brinkmann warp product, presented in section 
1.4, in order to generate examples of higher dimensional non-expanding Einstein 
GKS metrics from known four- dimensional Einstein Kundt metrics and higher 
dimensional VSI metrics. In this way we obtained solutions with one extra di- 
mension and this also allowed us to introduce cosmological constant to Ricci-flat 
metrics. 

Naturally, one may use this method also in the case of expanding Einstein 
GKS spacetimes. We already know that the Brinkmann warp product (1-37) 
preserves the Weyl type of algebraically special spacetimes. Furthermore, as we 
have shown in section 2.3, it preserves the GKS form as well. Therefore, starting 
with an {n — l)-dimensional expanding Einstein GKS seed metric, which is of 
Weyl type II or D by proposition 5, we construct an n-dimensional Einstein GKS 
metric of the same Weyl type as the seed. This implies that the warped metric 
has non-zero expansion. 
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2.6. Expanding Kerr— Schild spacetimes 



More precisely, the optical matrices of general seed and warped metrics in 
parallelly propagated frames satisfy [46] 

Lij = Lij, Li^n-l = Ln-lj = = 0, (2.217) 

where i, j = 2, . . . ,n — 2. Obviously, the optical matrix Lij of the warped metric 
is degenerate and the corresponding optical scalars read 

e = '^e, a^ = a^ + '^e^ u^ = co\ (2.218) 

n — 2 n — 2 

The zeros in the last row and column of the optical matrix Lij lead to the fact 
that an expanding warped metric is shearing even if the seed metric is shear-free. 
Thus, for instance, metrics belonging to the Robinson-Trautman class do not 
remain within this class after application of the Brinkmann warp product. 

The simplest example of a warped expanding GKS metric is an anti-de Sitter 
spacetime which has a non-trivial Kerr-Schild term with expanding k if it is 
rewritten in the KS form as in (2.9). It can be obtained by using (1.49), i.e. the 
case i? = 0, i? < 0, and taking the Minkowski spacetime as a seed ds^. Then the 
warp product leads to the metric expressed in the form 

ds^ = dy2 + e^'^y 7]ab dx" dx^ (2.219) 

In fact, these coordinates cover only a part of the complete AdS spacetime and 
a similar five-dimensional metric was already considered to solve the hierarchy 
problem in the Randall-Sundrum braneworld scenario [53,54] 

ds^ = dy^ + e-2v^l^l 7]ab dx'' dx\ (2.220) 

where the absolute value causes a jump discontinuity in the first derivatives of the 
metric leading subsequently to a delta function in the second derivatives. Effec- 
tively, there appears a term proportional to 6{y) in the Ricci tensor corresponding 
to an energy-momentum tensor lying on the brane y = 0. 

Of course, one may choose any Einstein spacetime as a seed in (2.220) instead 
of the flat Minkowski metric rjab- For instance, substituting the Schwarzschild 
metric as a slice ds^, we obtain the Chamblin-Hawking-Reall black hole on a 
brane 

ds^ = dy^ + e-'^l^l dS^ (2.221) 

discussed in [55]. 

In general, choosing expanding Einstein GKS metrics representing black holes 
as a seed, one obtains black string solutions. It can be easily seen directly from 
the form of the warp product with a flat extra dimension (1.46)-(1.50) that an 
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{n — l)-dimensional shce ds^ of the fuh n-dimensional metric ds^ is muhiphed by 
a conformal factor depending on the extra dimension coordinate y and therefore 
these black strings are in general non-homogeneous. They are homogeneous only 
in the case of direct product R = 0, R = 0. 

Thus, one may generate various black string solutions by warping appropriate 
black holes, for instance, taking the Kerr-(A)dS metric as a seed, we get spinning 
black string. Nevertheless, let us remind that these warped spacetimes suffer from 
naked singularity at points where the warp factor vanishes, i.e. f{z) = 0, except 
the cases R = 0, R = and R < 0, R < when f{z) does not admit a root. 

Here we present only an example of the latter case, i.e. n-dimensional black 
string with a negative cosmological constant A sliced by an (n — l)-dimensional 
Kerr-AdS metric (2.172)-(2.176). Using the form conformal to a direct product 
(1.43), the warped metric can be expressed in the GKS form (2.11) with the 
background metric cjab, Kerr-Schild vector k and function T-L given by 



gab dx" dx^ 



ka dx^ 



n 



cos^ 



-Ax) 



dx^ -W{1- Xr^)dt^ + Fdr^ 



L(n-1)/2J 2 , 2 



Ln/2-lJ 



+ Xaf 



+ 



A 



1 



L("-i)/2J ..2 +^ 

1 + Aa2 



E 

1=1 



(r^ + a'f)fii dfii 



cos 



-Ax) 



[n/2-l\ 2 

Wdt + Fdr- J2 

i=l 



M 



L(„_1)/2J M. L„/2-lJ, 2,„2N 

M 

"j^L{n-l)/2J L(n-l)/2J(^2+„2) 



+ Aa2 
if n is even, 



if n is odd, 



(2.222) 
(2.223) 

(2.224) 



where the functions W and F are defined as 



W 



L(n-1)/2J 2 

. , 1 + Aar 

1=1 



L(n-1)/2J 



i=l 



+ a,^ ' 



(2.225) 



A < is related to the cosmological constant A via (2.178) and the coordinate 



X is subject to — | < 



-Ax < f • In the case n = 5, such metrics have been 



already constructed in [ ] . 

Let us remark that if we set A = 0, the black string metric (2.223)-(2.224) 
reduces to the direct product of an (n — l)-dimensional Myers-Perry black hole 
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2.7. Other generalizations of the Kerr— Schild ansatz 



with a flat extra dimension since, in this hmit, the form of a warped metric (1.43) 
for R < 0, R < smoothly transforms to the form (1-41) for R = 0, R = and 
again a naked singularity is not present. 



2.7 Other generalizations of the Kerr— Schild 
ansatz 

Apart from the GKS metric (2.11), there are other possible generalizations of the 
original Kerr-Schild ansatz (2.1) that also lead to exact solutions. One of such 
examples, referred to as the extended Kerr-Schild ansatz, was proposed in [•")(}]. 
In fact, it was shown that the CCLP solution [57] representing charged rotating 
black holes in five-dimensional minimal gauged supergravity previously found by 
the trial and error method can be put into this form. Besides an (anti-)de Sitter 
background metric and the null Kerr-Schild congruence appearing in the GKS 
form, this ansatz also consists of an additional spacelike vector field and will be 
studied in more detail in chapter 3. 

Another extension of the Kerr-Schild ansatz was also discovered by rewriting 
an already known solution. If one performs a Wick rotation of the higher dimen- 
sional Kerr-NUT-(A)dS spacetime [58] in order to change the signature (1, n — 1) 
of the metric either to the signature {k, + 1) in odd dimension n = 2A; + 1 or 
to the signature {k, k) in even dimension n = 2k, respectively, then the resulting 
metric can be cast to the multi-Kerr-Schild form [59] 

k 

gab = gab — 2j2'HA'^t^- (2.226) 

In odd dimensions, the (A)dS background metric cjab, the Kerr-Schild vectors k^^^ 
and the functions 7^^ of the Kerr-NUT-(A)dS spacetime are given by 

-gab dx'^ dx' = dr' + Y,^ dxl - 1^ ^^ ^2-227) 



ki^"^ dx" 



W dr U^dx^ 



k 



5 {af-xD'", Ylj^.iaf - a]] 



(2.228) 



= X, = flia^ - xl), (2.229) 
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whereas, in even dimensions, they can be expressed as 

dx'^ dx' = dr^ + j^f - X: ^ \, d^l (2.230) 

11^=1 -i a=l i=l 1 - 



fcl^) dx" 



W dr f/^da;^ 



, k-l 

= X, = -(1 + \xl) n(a? - xl), (2.232) 

where A is given as in (2.178), corresponds to the mass and NUT parameters 
and Sj, 7j, W, are defined as 



= 1 + \al 7i = \[( 



2 _ 2\ 



i/=l 



(2.233) 



iy = n(l + A4), U, = l[{xl-xl 



.2^ 

1^=1 I/^/i 



Each of the scalar functions contains just one of the mass or NUT param- 
eters which appears in Tifj, hnearly. Therefore, the NUT parameters enter the 
metric of this form in an analogous way as the mass parameter. The vectors k^^^ 
are linearly independent, mutually orthogonal and tangent to the corresponding 
affinely parametrized geodetic null congruences. 

The last presented example of possible generalizations of the Kerr-Schild 
ansatz has appeared recently in [60] where the higher dimensional charged ro- 
tating Kaluza-Klein AdS black hole has been obtained in the form 

1 / 2m , \ , 2ms , In(^r) 

gab = + JfJ^kahj , Aa = —K, $ = (2.234) 

as a solution of the Einstein-Maxwell-dilaton theory with the Lagrangian 

C = V^(r - i(n - l)(n - 2)(a$)2 - ie-("-^)*^2 



+ g\n-l) ((n-3)e* + e-("-=^)*)| 



(2.235) 
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2.7. Other generalizations of the Kerr— Schild ansatz 



The background metric gab represents again an AdS spacetime, but now A; is a 
timelike vector field 

N+e 2,2 ^2,2 



dx^ dx' = - (1 + /r^) ly d? + ^ '—^ df,^ + J2 



i=i i=i 



2 /N+e 2,2 \ ^ 

+ Fdr2-— 4— Q^^^^/x.d/x. , (2.236) 

N ^ 

a,- 



K dx" = ciy dt + //W^ - ^ ^V^^2 ^^.^ ^2.237) 
where the functions if, U , W, F, f{r), Hj and Xi ^-^e defined as 



2 A^+e 2 ^ 

i=l * j=l 



2 2 

^ = r^E;4^. /(r) = c^-^^Ml + (2-238) 

Af+£ 2 

and c = cosh 5, s = sinh5 with 5 being a charge. The timelike vector field 
k is geodetic and its norm with respect to the background metric depends on 
the charge gabk"'k^ = — -s^. Note that in the uncharged case, the metric (2.235) 
reduces to the GKS form (2.11) and the vector k becomes null. 



Chapter 3 

Extended Kerr— Schild spacetimes 



The aim of this chapter is to investigate general properties of an extension of the 
original Kerr-Schild ansatz, referred to as the extended Kerr-Schild ansatz, in a 
similar way as it is performed for GKS spacetimes in chapter 2. Later, we may 
find the results of such analysis useful in finding new exact solutions in this form. 
In fact, this extension has been already studied in [61] using the method of per- 
turbative expansion. It has been shown that the vacuum field equations truncate 
beyond a certain low order in an expansion around the background metric sim- 
ilarly as in the case of GKS spacetimes. Here we employ the Newman-Penrose 
formalism which allows us to formulate some statements about geodesicity and 
optical properties of the null congruence and Weyl types of extended Kerr-Schild 
spacetimes. However, these results have not been published yet since the analysis 
is not completed and some aspects can be further investigated. 

We define the extended Kerr-Schild ansatz (xKS) as a metric of the form 



where the background metric cjab represents an (anti-)de Sitter or Minkowski 
spacetime, "H and JC are scalar functions, fe is a null vector and m is a spacelike 
unit vector both with respect to the full metric 

k''ka = gabk''k'' = 0, k'^ma = gabk'^m'' = 0, m'^ma = gahm'^m' = 1. (3.2) 

From the form of the xKS metric (3.1) it then follows that the same holds also 
with respect to the background metric 



9ab = gab - ^Hkakb - 2K.k(^amb), 



(3.1) 



gabk^k' = 



gabk^m' = 0, 



gabm°-m'' = 1 



(3.3) 



and the inverse metric is simply given by 



gab ^ -ab ^ - JC^) k^k^ + 2K,k^''m^\ 



(3.4) 
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Note that our definition of tlie xKS ansatz (3.1) sliglitly differs from tliose ones 
in [56,61] by tfie factors since we follow the notation of the GKS form (2.11) and 
also by the fact that we consider the spacelike vector m to be normalized to unity 
since we will identify it with one of the frame vectors. 

First, let us provide a motivation for studying xKS spacetimes. As will be 
shown in section 3.2, one of the reasons why to consider xKS ansatz (3.1) is that 
such metrics cover more general algebraic types than the GKS metrics (2.11). 
Recall the results of chapter 2 that GKS spacetimes with a geodetic Kerr-Schild 
vector k without any further assumptions are of Weyl type II or more special. 
Expanding Einstein GKS spacetimes are compatible only with types II or D unless 
conformally fiat and non-expanding Einstein GKS spacetimes are of type N and 
belong to the Kundt class. Therefore, expanding Einstein xKS spacetimes could 
include black hole solutions of a more general Weyl type than II, for instance 
black rings [' that are of type Ij [63] . Non-expanding Einstein xKS spacetimes 
could contain Kundt metrics of a more general type than N. 

Furthermore, unlike the static charged black hole, rotating charged black hole 
as an exact solution of higher dimensional Einstein-Maxwell theory is unknown. 
The four-dimensional Kerr-Newman black hole can be cast to the KS form (2.1) 
with the background metric rjab, the Kerr-Schild vector k and the function "H 
given by 

r]ab dx"" dx^ = -dt^ + dx^ + dy^ + dz^, 

, , „ 1 rx + ay ry — ax ^ z 

^-^^ =^^ + 7^^^^ + 7^^^^ + ;:^^' (3.5) 
r2 / ^ 



U = Mr - 

r4 + a^z^ V 2 

where M, Q are mass and charge of the black hole, respectively, the coordinate 
r satisfy 

^ + 4 = 1 (3.6) 

and the vector potential is proportional to the Kerr-Schild vector k 

Qr^ 
-|- a^z^ 

However, the attempt to generalize this ansatz to higher dimensions using the 
KS form of the Myers-Perry black hole has failed [22]. It has turned out that a 
vector potential proportional to k cannot simultaneously satisfy the correspond- 
ing Einstein and Maxwell field equations. An open question is whether the xKS 
ansatz may resolve these problems. 

Another significant reason is that some of the known exact solutions can be 
cast to the xKS form. For instance, VSI metrics are examples of such xKS 



A = , k. (3.7) 

^4 _|_ ^2 ^2 ^ 
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spacetimes as will be pointed out in section 3.3. Some expanding xKS spacetimes 
representing black holes are also known, namely CCLP solution [ ] discussed in 
section 3.4. In fact, the investigation of the CCLP metric has led to the xKS 
ansatz introduced in [56]. 

Lastly, the xKS metric seems to be still sufficiently simple to be treated an- 
alytically. As in the case of GKS spacetimes in chapter 2, we assume that the 
background metric cjab representing an (anti-)de Sitter or Minkowski spacetime 
takes the conformally flat form (2.12) with a conformal factor (2.13) and with the 
fiat Minkowski metric in Cartesian coordinates (2.14). Note that throughout this 
chapter we do not discuss the limit /C = when the xKS ansatz (3.1) reduces to 
the GKS metric (2.11) studied in chapter 2. 

3.1 General Kerr— Schild vector field 

As in the case of the GKS ansatz, it can be seen directly from the form of the 
xKS metric (3.1) and its inverse (3.4) that the index of the Kerr-Schild vector k 
can be raised and lowered by both the full metric Qab and the background metric 
(jab- The form of the xKS ansatz also implies that it is convenient to employ 
the higher dimensional Newman-Penrose formalism reviewed in section 1.1 and 
identify the null and spacelike vectors k, m appearing in the xKS metric (3.1) 
with the vectors i, m^'^^ of the null frame (1.8), respectively. The corresponding 



Ricci rotation coefficients will be denoted as Lab and Mab = Mab- 

Despite the fact that the xKS metric (3.1) has only few additional terms with 
respect to the GKS metric (2.11), the Christoffel symbols contain several times 
more terms and it is convenient or in fact necessary to use the computer algebra 
system Cadabra [33,34]. Although the calculations are much more involved 
than in the case of GKS spacetimes the boost weight 2 component of the Ricci 
tensor i?oo = Rabk"'k^ contains again many vanishing contractions with the null 
Kerr-Schild vector A; leading to the simple expression 

-Roo = '^'HLioLiQ — -KL^LiqLiq + 2/CLj(jL2)o + ^.L^qMiq + 2D/CL20 



where apart from the indices = 2, . . . ,n — 1 employed throughout the 

thesis, we define new indices z, J, . . . = 3, . . . , n — 1 denoted by tilde such that the 
vector m is excluded in the notation m'-*-'. 

Since the conformal factor Q of an (anti-)de Sitter background satisfies (2.15) 
or f2 = 1 in the case of Minkowski background, the last term in (3.8) is identically 
zero. Moreover, the component Rqq completely vanishes if L^o = and therefore 



2 




(3.8) 
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3.1. General Kerr— Schild vector field 



Proposition 6 // the Kerr-Schild vector k in the extended Kerr-Schild metric 
(3.1) is geodetic then the boost weight 2 component of the energy-momentum 
tensor Too = Tabk'^k'^ vanishes. 

Note that if /C = 0, the xKS metric (3.1) reduces to the GKS form (2.11) and the 
implication of proposition 6 also holds in the opposite direction as follows from 
proposition 1. However, in the case of xKS spacetimes, we obtain only a sufficient 
condition and it is possible to set -Rqo to zero also for non-geodetic fc by a special 
choice of /C and m. 

Inspired by the relation (3.88) valid in CCLP spacetimes, we can formulate 
an additional covariant condition in order to restrict the geometry of the vectors 
k and m so that the implication of proposition 6 becomes an equivalence. It 
turns out that such an convenient condition is Ckfria oc m^, Cmka = since then 
L20 = 0, Mjo = —L2i = —L12 as will be shown in section 3.1.2 and therefore all 
terms apart from the first two in (3.8) vanish 

Rqo = {^"H — 2^^^ LiqLio, (3.9) 

which ensures that the implication holds in both directions and we can conclude 
that 

Corollary 7 In the special case when Ckfria oc nia and Cmka = 0, the Kerr- 
Schild vector k in the extended Kerr-S child metric (3.1) is geodetic if and only 
if the boost weight 2 component of the energy-momentum tensor Tqq = Tahk"'k^ 
vanishes. 

3.1.1 Kerr— Schild congruence in the background 

Following section 2.1.1, the full metric gab can be expressed in the null frame (1.8) 
simply as 

gab = 2k(^anb) + maUib + Sijm'^^ml^^ (3.10) 
and can be compared with the xKS form (3.1). Obviously, if one chooses 

fia = ria + 1-Lka + ICrUa (3-11) 

then n, fc, m, m*^*) form a null frame in the background metric (jab- Although 
the indices of the vectors k and mP"^ can be raised and lowered by both the full 
metric gab and the background metric (jab one has to operate with the vectors n 
and m carefully since 

n*^ = ^"^nb = + "Hr + /Cm^ m'' = g^^rua, (3.12) 
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whereas 

g^^na = n^ -Hk\ g'^^nia = m!' - lCk\ (3.13) 

Similarly as for GKS spacetimes in section 2.1.1, the covariant derivative com- 
patible with the background metric Qab can be easily obtained from the covariant 
derivative compatible with the full metric Qah by setting "H = /C = 0. Thus, we 
can compare the Ricci rotation coefficients constructed in the full spacetime using 
the frame fe, n, m, m^*) with those ones in the background spacetime denoted 
by barred letters and expressed in terms of the frame fc, n, m, m^*) 

Lio = Lio, LiQ = Lio, Lij = Lij — )C62[iLj]Q, (3-14) 
Lu = - nUo - \lC{L2i + M.o) + \k: (^lio - ^ + ^) S2i, (3.15) 

La = La - + Mo) - \lC (^lo + ^ " (3.16) 

Ln = 111 - nUo -BH + - /C(L2i - N20), (3.17) 

M,o = M,o + ^/CZ,o, M,^ = Mr, + KS,-, - (3-18) 

M,2 = Ma + ICiUi + Mjo), (3.19) 
Ma = Ma - + {n- \k,){L2, + Mjo) - ^^/CLjo + /CL(h) 

- ^/CMj2 + (3.20) 
iV,o = iVio - ^/C(l2. + M.o) - ^ (/Clio + D/C) 52., (3.21) 
A^2i = iV2i + 62V- + 2HL12 - H/CL22 - H'L2o + 7^iV2o - V-L21 

+ ie{L2i - N20) - A/C, (3.22) 
Na = Nil + + 2Hli, - H/C(L2. + M.o) - H'^^o + nN^o - nla 

- ICMa - ICN2^ + - /C)(L2i + M.o), (3.23) 
Ni2 = Ni2 + ^^2. - \nKU, + + KLyu] ~ llC\L2i + M.o) 



^/CMi2 + /CiV,o, (3.24) 
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N22 = N22 - ^/C^ + - + 1^.^)^ - nL2i - iV2o), (3.25) 
N2i = N2^ + V-U2 + ^niCU^ - - /CL(i,) + ^/C2(Z2. + M.o) 

+ ^/CMi2, (3.26) 



iV,, = iV,, + - ^/CM,, + ^/CM,, - - ^/C^5,,, (3.27) 



Mjo = Mjo, Mjfc = Mjfc + /C ( + Mjo j ^2^, (3.28) 
Mji = ifji + 2-HLpj] + T^ifrjo + /CMpj] . (3.29) 



From (3.14) it follows that the Kerr-Schild vector k is geodetic with respect to 
the full spacetime Qah if and only if it is geodetic with respect to the background 
spacetime cjab- Moreover, an affine parametrization in the former spacetime corre- 
sponds to the affine parametrization in the latter spacetime and vice versa. Note 
also that a geodetic k has the same optical properties in the full and background 
spacetimes since the corresponding optical matrices are equal Lij = Lij. 



3.1.2 Relation of the vector fields k and m 

Motivated by the observation that the congruences k and rfi of the CCLP black 
hole obey (3.88), let us study the consequences of the relation 

(ma-b - mb.a)k^ = -'^rua, {ka-b - h-a)m^ = 0, (3.30) 

for general xKS spacetimes. The contractions of the first equation in (3.30) with 
the vectors n, m and m^*^ give 

I^2i-iV2o = 0, L22 = -y, L2i + M^o = 0, (3.31) 

respectively. Similarly, the contractions of the second equation in (3.30) with k, 
n and m^*) lead to 



L20 = 0, L[i2] = 0, L\^2i] = 0, 



(3.32) 
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respectively. We can also express the relations (3.31) and (3.32) for the Ricci 
rotation coefficients in the background spacetime using (3.14)-(3.29) 

1 Dn 

L20 = L20, L21 — N20 = L21 — N20 — 2^~^' 

L22 = L22, -^[12] = -^[12] + 2'^-^2o ~ 2^"^i0' (3.33) 

L[2i] = Ly^i] + -/CLjo, L21 + MiQ = L21 + MjQ. 

Obviously, since k is geodetic and the conformal factor reads Vt = \ for the 
CCLP metric with the Minkowski background, from (3.33) it follows that (3.30) 
also holds in the background metric where the covariant derivatives ";" reduce 
to the ones "|" compatible with the background metric. Then substituting rha = 
(nia where ( is the norm of m, we obtain (3.88). In other words, (3.30) is indeed 
equivalent to (3.88) for the CCLP black hole. 

Let us point out that the relation (3.30) can be expressed in terms of the Lie 
derivative in the full spacetime Qab- Note that if X°-Ua = 0, then the Lie derivative 
of a one-form cj along a vector field X in coordinate notation reads 

{CxUj)a = UJa;bX' + X\^U, = (Ua.b - CO,,a)X' (3.34) 

and therefore (3.30) is equivalent to 

CkTUa oc rria, Cmka = 0. (3.35) 

Note also that the Lie bracket of the vectors k and m in terms of the Ricci 
rotation coefficients reads 

[k, m]" = L20 n« + (L12 + iV2o)F + {Li2 - M,o)m^,). (3.36) 

If k and m satisfy the relation (3.30) then 

[fc, m]" = 2Li2 + L22 m" + 2L21 m^,) (3.37) 

and therefore the vector fields A; and m are surface-forming provided that L21 = 0. 

To conclude this section, let us point out the compatibility of the relation 
(3.30) with the form of the optical matrix (2.137) satisfying the optical constraint 
(2.128) since it holds also for the CCLP black hole as it is shown in section 
3.4. Comparing Lpj] = (3.32) with the optical matrix (2.137), it follows that 
the vector m must not lie in any plane spanned by two spacelike frame vectors 
corresponding to a 2 x 2 block with non-vanishing twist of the null geodetic 
congruence k and therefore, omitting the degenerate case L22 = 0, m lies in a 
1x1 block of the optical matrix, i.e. L22 = ^. Then one may integrate (3.31) 
to obtain C = ^"5 where C is an arbitrary function not depending on the affine 
parameter r along null geodesies k. In the case of the CCLP metric, the function 
C corresponds to u. 
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3.2 Geodetic Kerr— Schild vector field 

From now on, we assume the null Kerr-Scliild vector field k to be geodetic. 
Proposition 6 then implies that Tqq = which holds not only if the energy- 
momentum tensor is absent, i.e. in Einstein spaces, but also for spacetimes with 
aligned matter content such as aligned Maxwell field Fahk^ oc ka or aligned null 
radiation Tab oc kakb. As commented in section 2.1, without loss of generality, we 
also assume that k is affinely parametrized which further simplifies the following 
calculations. Note that in the case of GKS spacetimes, i.e. if /C = 0, the assump- 
tion of Einstein spaces or spacetimes with aligned matter fields is a sufficient 
condition for the Kerr-Schild vector k to be geodetic as stated in proposition 1. 

3.2.1 Ricci tensor 

Now we express the frame components of the Ricci tensor for xKS spacetimes 
(3.1) with the Kerr-Schild vector k being geodetic and affinely parametrized. 
Apart from Rqq, these components are much more complicated then for GKS 
spacetimes and Roi no longer vanishes identically. In addition, we present only 
the components i?oi and Rij which have been crucial in the analysis of GKS 
spacetimes in chapter 2 

Roo = 0, (3.38) 
Roi = —- (D^/C + LjjDK, + 2/Ca;^) 621 + 2]CS2jSij — 2]CL2jLij — S2iDJC 
+ ^/CD(L2. - M,o) + (bJC + ^ICL,,^ (L2. - M,o) 

+ ^/C (^L,j - M,o) {L2j - M,o) , (3.39) 

Roi = -B^n - uj^n - 2nuj^ + ^/cd^/c + ^(d/c)^ - 1/c {L2i + m,o) m,, 

+ lC-'D{ieN2o) - \5,{lCL2i + /CM^o) + ^ {ICLu - M,,) D/C - A2i5^}C 

+ ^D(/C2L22) + /C {LaS2i - LuA2i - AjM^j + U,N2q + M.oA^io) 

- ^(52D/C - le {L2i + M,o) A2^ + ^K:^L22Lii + (3.40) 



Rij = —2SijD'H + 27iLikLjk — 2'HLkkSij — D(/CM(jj)) + 2K,SijDK, — 82 (ICSij) 

(L21 + N20) Sij 



^ {L,2 + M,o) - ^ (L,2 + M,o) 5,}C + /C 
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k j 

+ '^^{i\kMj)k + LikM[jk] + LjkM[ik] — LkkM(^ij-) — 2Sk(iMj)2 + M(ik)Mko 



kO 



A2iA2j + - (L2i + M,o) (L2,- + Mjo) - 2L(,|2M,)o 



kk^ij 



+ 



2/Cy42,D/C - -5,D/C + L,iD/C 



2 ^ 



1 1 k 

+ ^L\ki]Mjo + -JCLkkLji - -JCLki {2Lik — L^i) + JCAj^Mu 

j 

— lCLkiM[ki] — ICAjkNko — /CDL[ij] + }C5kAjk + /C A2jLkk + /C Ak2Ljk 

1 1 1 1 

- -L2kLkj - -/C Lk2Mjo + -IC LkjMko - -/C Di 



111 fc 1 

— -^LkkSiK, — -JCLkkLii + -ICLikLik + ICL[ki]Mio + -j^^LkkLn 

1 fc i 

- -K-Lki {2Lik - Lki) + JCAikMii - }CLkiM[ki] - ICAikN^o - /CDL[ij 

1 Ik 
+ ]C6,A, + ieA2.L,, + 1C'A,2U, - ie-L2kU, - -IC'LMo 



52j + 



2A , 

H r^ii. 



(3.41) 

In the case of Einstein GKS spacetimes, the constraints fohowing from the Ein- 
stein field equations involving the components Rij imply that non-expanding 
Einstein GKS spacetimes belong to the Kundt class and that the optical matri- 
ces of expanding Einstein GKS spacetimes satisfy the optical constraint (2.128). 
Moreover, i?oi has been also employed to show that expanding Einstein GKS 
spacetimes are not compatible with Weyl types III and N. 

Unfortunately, in the case of xKS spacetimes these components of the Ricci 
tensor are rather complicated and it seems that we cannot straightforwardly ob- 
tain similar results. However, if one considers a restrictive assumption on the 
geometry of the vectors k and m, for instance, such as (3.35), then (3.31) and 
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(3.32) obviously lead to the simplification of the Ricci tensor components and 
this analysis is left for future work. 



3.2.2 Riemann tensor and algebraic type of the Weyl 
tensor 

The frame components of the Riemann tensor for xKS spacetimes with a geodetic 
Kerr-Schild vector field k are also more complex than those ones of GKS space- 
times. Therefore, we list only the non-negative boost weight components which 
are be employed in the following sections 

RoiOj = 0, (3.42) 
Rom = ^^'lC52i + ^D(/CL2. + /CM,o) + ^M^oD/C 

- ^/C {L2j + Mjo) Mjo, (3.43) 
Roijk = Li[j6k]2 D/C — (Lyfc]D/C + 2ICSi[jAk]i) 621 — 2/CAaL/y(5fc]2 

- /C {L2i + Mjo) Lyk] + K.L2ijLk]i - )CMij\oLi\k], (3.44) 
i?oioi = D^-H - ^(D/C)2 - JC (L2. + M,o) iV,o + D(/CL2i - JCN20) 

- N20BK: - ^/CL22D/C - ^/C^ (L2. + M,o) (L2. + M,o) 



2A 



(n-2)(n-l)' 

Roiij = -^AijD'H - ATiSkiiAj]!: - M[y]D/C - M[i\oSj]K, + S[iD]CSj]2 



(3.45) 



-I- /CL2[i-Li|j] + }CL2[iLj]i — 2]CAij (L21 — A^2o) — ^L^iM. 



k 1 

/C {L2k + Mfco) M[^J] + lCLk[rMk\j] - -/C 5j{L2i + Mio) 



+ 2^ ^j(-^2j + M,o) + )C^L2iiMj]o - LkiiSj]2 SkJC + }CL2[iSj]2 D/C 
- 2)CL[ik]Lk[i5j]2, (3.46) 
-Roiij = -BHlij + 2'HAikLkj - -5jD/C(52i + -(D/C)^(52i52i + ■^L2j6ilC 
+ - (2L(j|i52|j) - Mij + K, {L(ij) + A2i62j - Sj2hi)) D/C 
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- ^5,(/CL2. + /CM,o) + ^/C (L2. + M,o) + ^/C (L2, + M,o) 
1 

- 2^ (-^2fc + ^fco) Mij - /C (L21 - A^2o) -^ij - ^L(ii)L2j 



]CLkjM[ik] + }CL2iSij — ]CLkiAik52j + -/C L22Sij 



2" 

4 

1 2A 
+ 2^ {LikLkj — LkiLjk) 621 + — 2){n — ij^*"'' (3.47) 

Unlike for the GKS spacetimes, the boost weight 1 components -Roioi (3.43) and 
Roijk (3.44) of xKS spacetimes do not vanish identically. However, since the boost 
weight 2 components Roioj (3.42) and Rqq (3.38) of the Riemann and Ricci tensor, 
respectively, are identically zero, from (2.45) it follows that the same also holds 
for the Weyl tensor 

Co^oj = (3.48) 

and therefore 

Proposition 8 Extended Kerr-Schild spacetimes (3.1) with a geodetic Kerr- 
Schild vector k are of the Weyl type I or more special with k being the WAND. 

This proposition confirms one of our motivations for considering the xKS form of 
metrics that such spacetimes with a geodetic k may cover more general algebraic 
types than Einstein GKS spacetimes. 

Note also that if we assume that the vectors k and m obey (3.35) the frame 
components of the Riemann tensor are dramatically simplified as in the case of 
the Ricci tensor. 



3.3 Kundt extended Kerr— Schild spacetimes 

In this section, we study xKS spacetimes with a non-expanding, non-shearing 
and non-twisting geodetic null congruence of integral curves of the Kerr-Schild 
vector A;, i.e. the subclass of Kundt metrics admitting the xKS form (3.1). First, 
substituting Lij = 0, we rewrite the components of the Ricci tensor (3.38)-(3.41) 
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of general xKS spacetimes with a geodetic k for the Kundt case 



i?oo — 0, 

i?22 = /CMfcsMfco - 52D/C + 2D(/CL2i) - 2/CL[fci]M,,o - 2/CDL(i2) 



'i2 



(Li2 - 2L21 + A^20) Mjo - Mj^Mm - MhM; 



fcO 



+ Mfc2M^o 



1 



-D(/CM(^,-)) -M(j|o5j)/C-/C 



1 A; A; 

+ - (Lh - 2Ln + A^jo) Mjo + M(j|fcMj)o + Mfc(jMj)o 
1 2A 



(3.49) 
(3.50) 

(3.51) 

(3.52) 



(3.53) 



(3.54) 



Similarly, the components of the Riemann tensor (3.42)-(3.47) reduce to 



RoiOj — 0, Roijk — 0, (3.55) 

Roioi = ^D^/C 52^ + ^JCBMio + M^oD/C - ^ICMjoMjo, (3.56) 

i?oioi = D^H - ^{DlCf - ICMMo + D(/CL2i - ;CiV2o) - N^oBIC 

1 2A 

- -lC'M,oM,o - TT, (3.57) 

4 [n — 2)[n — 1) 

Rou2 = ^5,BIC - ^52(/CMjo) - ^Mj2D/C - /CMfcoMp2], (3.58) 

Rouj = %(/CMj]o) - MpjjD/C - /CMfcoi&pj], (3.59) 
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i?02i2 = -^^sD/C + -{BlCf + L21D/C + ^/CMfcoMfc2 + 7 ^ (3.60) 

2 4 2 [n — 2)[n — 1) 

Ro2u = -^S^DIC + ^ {2Ln + JCM.o) D/C + ^/CMjqLsi + ^/CM^oMh, (3.61) 
Ron2 = \ (2Ln - 2M,2 + /CM,o) D/C - ^(52(/CMjo) 

+ ^/C (^MjoLsi - MuoMi^ , (3.62) 

i?oaj = -\m,PIC - ^5j(/CM,o) + /CL(j|iMj)o - ^/CMmM^j 
1 2A 

As has been shown in section 3.1, a general xKS metric (3.1) with a geodetic 
Kerr-Schild vector k is of Weyl type I or more special. In the case of Kundt 
xKS spacetimes, the only non-trivial boost weight 1 frame components of the 
Riemann tensor satisfy -Roioi = —Roi as one can directly see from (3.50) and 
(3.56). Putting this relation to (2.45) and Roijk = (3.55) to (2.46), we obtain 
the boost weight 1 components of the Weyl tensor 

1 3 — n 

Coijk = -^{Rokhj — Roj^ik), Coioi = T^Roi (3.64) 

■n — 2 n — 2 

and thus Kundt xKS spacetimes are of Weyl type II or more special if and only 
if Toi = 0. Note that this statement holds even for general Kundt metrics [ ] 
not necessarily of the xKS form. Assuming Toi = 0, the Einstein field equations 
Rq2 = and Rqi = 0, where i?oi is given by (3.50), can be written as 

D^/C = /CMjoMjo, (3.65) 

D{ICH'Q =JC^MjoMjo, (3.66) 

respectively. The trivial solution /C = corresponds to the GKS limit when 
Toi = is a necessary condition in order to satisfy the Einstein field equations 
since in this case the components i?oj identically vanish as was shown in section 

i 

2.2.1. The Ricci rotation coefficients Mja are antisymmetric in the indices i and 
j, therefore by multiplying (3.66) with 2K?Miq we eliminate the term on the 
right-hand side and the remaining term can be combined as 

= 2D(/C2m,o) 1CM,o = D (/C^M,oM,o) . (3.67) 

Consequently, K^M^qMiq = (c°)^, where the function c° does not depend on 
the affine parameter r along the null geodesies of the Kerr-Schild congruence 
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k. Obviously, since we assume K, to be non-zero, c° vanishes if and only if all 
Mjo vanish. Substituting the result of (3.67) to (3.65), we obtain a differential 
equation /C^D^/C = (c")^ determining the r-dependence of the function K, which 
has two distinct branches of solutions 

]C = sgnd'^{d%r + W)Y + ^^ ifcVO, (3.68) 

)C = fr + e° if c° = 0, (3.69) 

where 6°, d^, e° and are arbitrary functions not depending on r. Finally, we 
can conclude that 

Proposition 9 For Kundt extended Kerr-Schild spacetimes with IC ^ solving 
the Einstein field equations the following statements are equivalent 

(i) the boost weight 1 components T^i = Tabk°'rn^(^i^ = of the energy-momentum 
tensor vanish, 

(a) the spacetime is of Weyl type II or more special, 

(Hi) the function IC takes the form (3.68) or (3.69). 

Moreover, K, is a linear function (3.69) of an affine parameter r along the null 
geodesies of the Kerr-Schild congruence k if and only if M^o = 0. 

Note that in Kundt spacetimes the relation between the vectors k and m 
(3.30) holds if and only if 

^2i = iV2o, DC = 0, M,o = 0, L[i2]=0. (3.70) 

Obviously, (3.70) is not satisfied for /C of the form (3.68). 

3.3.1 Explicit example 

Now we present explicit examples of Ricci-fiat Kundt xKS spacetimes, namely 
the class of spacetimes with vanishing scalar invariants (2.94). Such VSI metrics 
can be written as 

ds^ = 2du dr + 5ij dx' dx^ + 2H{u, r, x^) du^ + 2Wi{u, r, x^) du dx\ (3.71) 

which better exhibits its xKS form (3.1) with the fiat background metric described 
by the first two terms in (3.71). Obviously, one may identify the null one-form 
du with the Kerr-Schild vector k 



ka dx" = du. 



(3.72) 
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Therefore, the function "H appearing in the xKS ansatz (3.1) is given by 

n = -H{u,r,x^) (3.73) 

and the remaining term /Cm = —Wi{u, r, x^) da;* can be split to the function K, 
and the vector m as 

I Wi dx* 

/C = -0^, rn=^^, (3.74) 

so that m is a unit vector. It turns out that all VSI metrics (3.71) admit the 
xKS form (3.1). 

Recall that xKS spacetimes with a geodetic Kerr-Schild vector field k are of 
Weyl type I or more special as follows from proposition 6. Furthermore, propo- 
sition 9 implies that Kundt xKS spacetimes with i?oi = are of Weyl type II 
or more special. On the other hand, it is known [ ] that VSI spacetimes are of 
Weyl types III, N or O with the Ricci tensor of type III or more special, i.e. 
Rqq = Roi = Rqi = Rij = 0, and all VSI metrics with the Ricci tensor of types 
N and O have been given explicitly in [38]. As has been already mentioned in 
section 2.5.1, the VSI class can be divided into two distinct subclasses with van- 
ishing and non- vanishing quantity LuLu denoted as e = and e = 1, respectively. 
The canonical choices of the functions Wi in these subclasses are given in (2.97). 
The functions Wi and H can be further constrained employing the Einstein field 
equations and assuming an appropriate special algebraic type of the spacetime. 
Note also that for VSI spacetimes the statements (i) and (ii) of proposition 9 
are clearly satisfied and therefore the function /C takes one of the forms (3.68) or 
(3.69) depending on the functions Wi{u, r, x^) which differ in the subclasses e = 
and e = 1. 



Case e = 

In the subclass e = of VSI spacetimes, the functions Wiiu^r^x'') are given 
by [38] 

1^2 = 0, W, = W^{u,x''), (3.75) 

where the superscript denotes that the quantity is independent on the coordi- 
nate r corresponding to an affine parameter along the geodesies of the Kerr-Schild 
congruence k. Then from (3.74) it follows that /C is of the form (3.69) with /° = 
and does not depend on r 

IC = -^WPW-^ = e°. (3.76) 

Therefore = and thus all the Ricci rotation coefficients M^o vanish. Moreover, 
if also N20 = 0, then the vector m is parallelly transported along the null geodesies 
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of the congruence k. On the other hand, if A^20 is non- vanishing, it can be 
transformed to zero by a null rotation with k fixed (1-19) setting 1)22 = —N20, 
however, this Lorentz transformation changes the vector m. 

General case e = 1 

In the subclass e = 1, the functions Wi{u,r,x'') read [38] 

W2 = -^r, W, = WP. (3.77) 
If at least one of is non-zero, the function /C (3.74) takes the form (3.68) 



JC = -^j^,r- + WPWP. (3.78) 

Comparing (3.78) with (3.68), it immediately follows that 6° = 0, (i° = — ^ and 

{cy = &-W^W^ . Since M^oM^o = ¥:-\cy ^ the vector m is not parallelly 
transported along A;. 

Special case e = 1 

In the special case of the subclass e = 1 of VSI spacetimes where all in (3.77) 
vanish, the function /C is of the form (3.69) with e*^ = 

K = -^r = fr. (3.79) 

As in the case e = 0, c° and consequently Mjo vanish and if A^2o is zero, the vector 
m is parallelly transported along k. 

3.3.2 Not all vacuum higher dimensional j*^^ -waves belong 
to the class of Ricci-flat xKS spacetimes 

In the previous section, we have shown that all VSI metrics admit the xKS form 
(3.1). The question is whether also all vacuum pj» -waves belong to the class of 
xKS spacetimes. As mentioned in section 4.1.3, higher dimensional j^^^-waves are 
of Weyl type II or more special and Ricci-flat if not supported by an appropriate 
matter field. It is also known that vacuum -waves of type III or more special 
belong to the VSI class. Therefore, it remains to investigate the situation of the 
Weyl type II p|? -waves. 
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Table 3.1: Properties of higher dimensional Ricci-flat pp -wmes. 



Weyl type 


KS 


xKS 


VSI 


N 


/ 


/ 


/ 


III 


X 


/ 


/ 


II 


X 


only CSI 


X 



All Ricci-flat pp-wave metrics can be written in the form 

ds^ = 2du [dv + H{u, x'') du + Wi{u, x'') dx'] + gij{u, x^) dx' dx^ (3.80) 

and it does not seem that for general transversal metric Qij, pp-wave metrics 
(3.80) can be cast to the xKS form. However, one may use the result of [40] that 
the transversal Riemannian metric Qij of vacuum pp -waves is Ricci-flat and the 
statement that the transversal Riemannian space is locally homogeneous in the 
case of CSI Kundt metrics as has been shown in [■' ]. Since a Ricci-flat locally 
homogeneous Riemannian space is flat [64], we can conclude that Ricci-flat CSI 
pp-wave metrics can be written in the form (3.80) with a flat transversal space, 
i.e. Qij = 6ij, which is obviously in the xKS form with the Minkowski background. 
However, note that there could exist non-CSI Ricci-flat pp -waves and therefore 
we cannot decide whether all higher dimensional Ricci-flat -waves belong to 
the class of xKS spacetimes. 

Recall also that type N Ricci-flat VSI spacetimes and consequently vacuum 
type N pp-waves can be cast to the KS form (2.1) as has been shown in [ ■ , ] and 
as also immediately follows from the results of section 2.5.1. All the mentioned 
facts about higher dimensional vacuum pp-waves are summarized in table 3.1. 
Finally, note that in four dimensions, all vacuum pp -wave metrics are only of 
Weyl type N, belong to the VSI class and take the KS form. 

3.4 Expanding extended Kerr— Schild 
spacetimes 

In this section, we construct a null frame in the CCLP spacetime [57] which then 
allows us to express the optical matrix, show that it obeys the optical constraint 
and determine the algebraic type. The CCLP solution represents a charged ro- 
tating black hole in flve-dimensional minimal gauged supergravity or equivalently 
in the Einstein-Maxwell-Chern-Simons theory with a negative cosmological con- 
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stant A and the Chern-Simons coefficient x = 1 described by the field equations 
Rl - 2(Ffe,F- - hlF^.F'") + = 0, (3.81) 

^^pah ^ _X^^abcdep^^p^^ ^ q (3_g2) 

and it is an example of expanding xKS spacetime. In fact, the xKS ansatz has 
been proposed in [Ki] where it has been shown that the CCLP black hole can be 
cast to the form 

gab = Qab - '2'Hkakb - 2ICk(^amb), (3.83) 

where we put hat over the K, and rh since unlike our definition of the xKS ansatz 
(3.1), the vector rh is not normalized to unity. 

In the case A = 0, the CCLP metric can be rewritten in terms of spheroidal 
coordinates in the form (3.83) with the fiat background metric and the vectors 
k, rh given by [56] 

gab dx^ dx'' = -df - 2dr {dt - a sin^ ed(f)-b cos^ 6 d^) + dO^ 

+ (r^ + a^) sin^ 6 d^^ + (r^ + 6^) cos^ 6 dip'^, (3.84) 
ka dx" = -dt + a sin^ ed(f) + b cos^ 6 dip, (3.85) 

rhadx'' = bsin^ed(j) + acos'^edilj. (3.86) 

The functions "H, fC and the one-form gauge potential proportional to the Kerr- 
Schild vector k then read 

n = — ^ + 7r^, 1^ = — ^, A = — — fc, 3.87 
p^ 2p* 2p 

where r is the spheroidal radial coordinate, the angular coordinates have usual 
ranges G (0, 27r), V e (0, 27r), 6 e (0, vr) and p^ = + cos^ 6 + b'^ sin^ 6. One 
may show that the vectors k (3.85) and rh (3.86) in the background spacetime 
satisfy [61] 

{rha-b - mb-a)k'' = 0, {ka-b - h-a)rh^ = 0, (3.88) 

where "y" denotes the covariant derivative compatible with the background metric 
(jab and as follows from (3.13) the contractions can be performed by both the 
full and background metrics since k is geodetic. It is also convenient to define 
i/^ = p^ — r^. 

Since the metric is in the form (3.83) we put it into our definition of the xKS 
form (3.1) with a unit vector m by rescaling the vector rh and including its norm 
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to the function /C. Thus, the norm of the vector rn is \rri\ = -, therefore the 
normahzed m reads 

, _ br sin^ 6' , , ar cos^ 6* , , ,^ 

rua dx"" = d4> H dip (3.89) 

1/ V 



and since the scalar functions are related via /C = /C|rn| one gets 

/C = (3.90) 

Obviously, one may identify k and m with the null and spacelike frame vectors t 
and m*^^\ respectively. The remaining vectors n, mS^^ and m^^^ can be obtained 
by solving the constraints (1-8). Similarly as for the five-dimensional Kerr-(anti- 
)de Sitter metric in section 2.6.5, it is easier to find a null frame in the background 
spacetime first 



mfdx'' = ^cotQ{dt-hd^), (3.91) 

m^f^ dx" = pdB, (3.92) 

, „ 1 p2 - sin^ Q ^ , 1 - sin^ Q , , 

nadx =- „ . 2n — dt + dr + -a ^ d(p 

2 z/^ sm 9 2 

1 , 9 + sin^ 9 , , , 

- -6 cot^ 9^-—- dtp, (3.93) 

2 

from which we then construct the frame in the full spacetime using (3.11). There- 
fore, the vectors m*^^^ and m^^^ are same in both frames and n is given by 

nadx'' = / 1 dt + dr 

V2 ij^f^in^9 2p4 



1 p^-rW^ / 2Mp^-g^ , . 

1 p2 + rW^ f^ 2Mp'-Q^ , Q-^ ^ 
-0 ^— ^ h cos t^dw. 

2 u^sm^9 V V P^ 



Straightforwardly, one may also obtain the contravariant components of the frame 
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vectors (3.85), (3.89), (3.91), (3.92) and (3.94) 



m 



(2) 



da 



ml^) da 



ah 
rv 

sin Q cos Q 



+ a6p2 h 

Ot ^ dr-\ ds + 

rv 

(r^ + a^) 
sin^^ 



(a' - b') a - 



9. 



dr 



(3.95) 
(3.96) 



m 



(4) 



da 



+ 



do 



a 



cos^ 9 



d,i 



(3.97) 
(3.98) 



2z/2 sin^ ^ 



M 

7 



2p4 



a 



a cot^ 6* 6 
H 5 — "yfli ^ c*^- 



(3.99) 



Having established the frame, we can easily calculate the Ricci rotation coeffi- 
cients (1.13). It can be shown that Lao = and therefore k is geodetic and affinely 
parametrized. The frame (3.99) is not parallelly transported along the geodesies 
of the Kerr-Schild congruence k since some of the independent components NiQ 

i 

and Mjo are non-vanishing 

, ^ r cot 6* , ^ cot 6^ 



20 
2 

M30 



0, 



2 

M40 



0, 



3 

M40 



40 



P 



P 



(3.100) 
(3.101) 



Note that we cannot set this frame to be parallelly transported using appropriate 
spins and null rotations with k fixed as in the case of the Kerr-(anti-)de Sitter 
black hole in section 2.6.5 since we are not able to transform away the component 
N20 unless the identification of the vector m appearing in the xKS metric (3.1) 
with the frame vector m^'^^ is relaxed. 

The optical matrix L^j takes the block-diagonal form 



Lij 




(3.102) 



and it immediately follows that Lij is a normal matrix. Moreover, interestingly, 
the optical matrix Ljj (3.102) of the CCLP black hole satisfies the optical con- 
straint (2.128). Note that, in section 2.6.1, it has been pointed out that in a 
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certain sense the optical constraint can be considered as a possible generalization 
of the Goldberg-Sachs theorem to higher dimensions restricted to Einstein GKS 
spacetimes. 

As has been mentioned in section 3.1.2, the vectors k and m of the CCLP 
metric satisfy the relation (3.30) and therefore (3.31) and (3.32) also hold. It 
can be seen directly from (3.102) that L22 = ^, L21 = and using (3.31) from 
(3.100) it follows that L12 = —Qy,- Substituting these Ricci rotation coefficients 
to (3.37), we obtain 

[fc, mr = -^Q^k" + -rrf (3.103) 

and therefore the vector fields k and m are surface-forming. Note also that 
L22 = ^ following from the optical matrix (3.102) is in accordance with (3.31) 
since C = |^| = ^ implies that ^ = —K 

Employing the frame (3.99), we can express frame components of the Weyl 
tensor and determine the algebraic type. In accordance with proposition 8, the 
boost weight 2 components of the Weyl tensor vanish 

Co^oi = (3.104) 

and therefore the spacetime is of Weyl type I or more special. Due to the trace- 
lessness of the Weyl tensor, the boost weight 1 components Coioi are not inde- 
pendent (1.35) and thus vanishing of the components Coijk is sufficient condition 
for a spacetime to be of Weyl type II or more special. In the case of the CCLP 
black hole, one gets the non-zero components 



C0234 — — C0243 



,6 



1 



2Qru 

Co323 = — C0332 = (^0424 = — Co442 = ^ — , (3.105) 



Co324 — ~C*0342 — ~C*0423 — Co432 



2Qz/2 



which suggests that the spacetime is of Weyl type I. 

In section 2.2.2, we have mentioned the results of [13] that stationary space- 
times with the metric remaining unchanged under reflection symmetry and with 
non- vanishing expansion are of Weyl types G, Ij, D or conformally flat. The CCLP 
spacetimes obey these conditions along with the reflection symmetry t — t- —t, 
(J) — )■ —(f), ip — )■ —ip of the metric in Boyer-Lindquist-type coordinates given 
in [57]. Therefore we can conclude that in general the CCLP solution is of Weyl 
type Ij with k being the WAND unless a distinct multiple WAND exists. How- 
ever, the form of the xKS metric (3.1) suggests that k should have the highest 
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order of alignment. Then only either in the uncharged case when the metric cor- 
responds to the five- dimensional Myers-Perry black hole or in the non-rotating 
limit z/ = 0, the spacetime is of more special Weyl type D and the metric reduces 
to the GKS form since K, (3.90) vanishes. 



Chapter 4 
Quadratic gravity 



In this chapter, we mainly present our results published in [d )], which will be 
occasionally extended. First of all, let us provide a motivation for considering 
generalizations of the Einstein theory referred to as quadratic gravity with a 
general Lagrangian containing all possible polynomial curvature invariants up to 
the second order in the Riemann tensor and summarize some basic properties of 
such theories. 

As it is known, the Einstein-Hilbert action (1.1) is non-renormalizable [66]. In 
perturbative quantum gravity, corrections have to be added and, demanding coor- 
dinate invariance, these corrections should consist of various curvature invariants. 
If one includes curvature squared terms aB? + PRabR"'^ to the four-dimensional 
Einstein-Hilbert action, the theory becomes renormalizable [67,68]. Note that 
such terms give the most general action up to the second order in curvature since 
the term Rahcd.R"''^'^'^ can be rewritten using the squared Ricci tensor, squared cur- 
vature scalar and the Gauss-Bonnet term which is topological invariant in four 
dimensions and thus does not contribute to the dynamics. Unfortunately, the 
field equations then contain the fourth derivatives of the metric and unitarity is 
lost due to the introduced massive ghost-like graviton. 

In string theory, the ghost freedom of low-energy effective action requires 
that the quadratic corrections to the Einstein-Hilbert term, which is the lowest 
order term in the Regge slope expansion of strings, are of the Gauss-Bonnet 
form [69]. Therefore, the action up to the second order consists of dimensionally 
extended Euler densities which correspond to the first three terms of the Lovelock 
Lagrangian yielding the field equations of the second order in derivatives of the 
metric. However, the forms of the corrections depend on the type of string theory 
[70] and in higher orders they are no longer given only by Euler densities. 

Recently, in four dimensions [ ] and later in arbitrary dimension [72] , it has 
been shown that despite non-zero a and (3 producing ghosts, the massive spin-0 
mode can be eliminated and the massive spin-2 mode becomes massless by an 
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appropriate choice of the parameters of the theory denoted as the critical point. 
This fact has led to a current growing interest in such theories [73-77] . 

We will consider a general action of quadratic gravity which can be rearranged 
to a more convenient form [78] 

S= f (Tx (R - 2Ao) + aR^ + ^RahR"^ 

(4.1) 

+ 7 {RabcdR"'"^ - ^RabR^' + R") 

where the term multiplied by k,~^ is the well-known Einstein-Hilbert term leading 
to the Einstein field equations. The last term multiplied by 7 is the Gauss- 
Bonnet term and these both terms appear as the first three terms in the Lovelock 
theory [79] with the Lagrangian 

p 

'C = V^J2akCk, (4.2) 

fc=0 

which consists of a linear combination of dimensionally extended 2/c-dimensional 
Euler densities 

1 

r j:aibi...akbk I I p Cmdm (a q\ 

~ 2k ndi...Ckdk 11 ^a^bm ' y^-'^) 

m=l 

where S'^ldl c^dl ~ h.^'i^ci^dl ' ' ' ^Ck^dl] totally anti-symmetric generalized 

Kronecker delta. In n dimensions, 2fc-dimensional Euler densities, where 2k > n, 
are topological invariants or vanish identically and thus do not contribute to 
the field equations. Since these equations are quasi-linear of the second order 
in derivatives of the metric. Lovelock theories are natural generalizations of the 
Einstein gravity to higher dimensions, in contrast to general quadratic gravity 
(4.1) where, due to non-zero a and /3, the field equations are of the fourth order. 

Varying the action (4.1) with respect to the metric leads to the source-free 
field equations of quadratic gravity [80] 

- (Rab — ^Rgab + ^Ogabj + 2a;-R (Rab — -^RQab 



+ (2a + P) {gabU - VaVb) R + 2j (^RR^b - ^RacbdR'" 

.1 .d. .d . \ ^'-'^ 

+ RacdeRb'^^ — 2RacRb ~ ^gab {Rcdef R^'^'^^ — '^RcdR^'^ + R^) j 
+ I3U (Rab - ^Rgab) + 2/3 (Racbd ' \gabRcd] R"" = 0. 
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As in the Gauss-Bonnet theory, quadratic gravity in dimension n > 4 admits, in 
general, two distinct maximally symmetric vacua with the corresponding cosmo- 
logical constants A given by 



In general relativity, Birkhoff's theorem states that a spherically symmet- 
ric solution of the Einstein field equations in vacuum is locally isometric to the 
Schwarzschild solution, consequently, spherically pulsating objects cannot emit 
gravitational waves. It has been shown in [81] that Birkhoff's theorem is valid 
also in the Lovelock theories, namely, that solutions of the source-free Lovelock 
field equations with spherical, planar or hyperbolic symmetry are locally iso- 
metric to the corresponding static black hole. Although the fact that the field 
equations are of the second order is crucial in the proof of the Birkhoff's theo- 
rem, as has been discussed recently in [82], this theorem can be extended also 
to higher derivative theories with the field equations of the fourth order if the 
traced field equations are of the second order, i.e. the massive spin-0 mode is not 
present in the linearized field equations of the theory and if the field equations for 
spherically, plane or hyperbolically symmetric spacetimes reduce to the second 
order. However, note that in the case of quadratic gravity (4.1) the extended 
Birkhoff's theorem requires a = P = and thus the action is given only by the 
Gauss-Bonnet term. 

Let us also point out that at least certain subclasses of quadratic gravity 
possess well-posed initial value formulation. For instance, the Cauchy problem 
in the case of Einstein-Gauss-Bonnet gravity, i.e. a = /3 = 0, 7 7^ 0, was studied 
in [83]. In four dimensions, effectively with 7 = 0, it has been shown that the 
Cauchy problem can be solved for initial data if /3 7^ [84]. 

As has been already mentioned, although quadratic gravity at the linearized 
level around any of two vacua describes massless and massive spin-2 and massive 
spin-0 modes, by an appropriate choice of the parameters of the theory, one 
may eliminate the massive scalar mode and subsequently ensure that the massive 
spin-2 mode becomes massless. Following [72], the trace of the linearized field 
equations for the metric fiuctuations hab = gab + Qah around an (A)dS vacuum gab 
reads 



where is the linearized Ricci scalar and e is defined in (4.15). Setting 




(4.5) 




(4.6) 



4(n- l)a + n/3 = 0, 



(4.7) 
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we get rid of the massive spin-0 mode provided that k ^ — 4eA and then, choosing 
the gauge V^/iab = Vfe/i, the hnearized field equations reduce to [72] 



n - l)(n - 2) ) \ {n- l){n - 2) 

Therefore, vanishing defines the critical point only with the massless spin-2 
excitation 

2 _ 4A / 1 na /3 (n - 3)(n - 4) 



Note that the parameters cannot be tuned so that both distinct (A)dS vacua 
become simultaneously critical. However, as has been also shown in [i-], one 
may still employ the remaining arbitrariness of the parameters to obtain a theory 
with only one unique critical (A)dS vacuum. The cosmological constant of such 
(A)dS vacuum is then given by 

A = A„ = ("7^)'"-^) (4.9) 

8{n — 3)k7 

and the action reduces to the form of the Einstein- Weyl gravity 



S = y d-x v^(^- (i? - 2Ao) + iCabcdC'"""' j (4.10) 

with only one additional parameter 7 besides Einstein's constant n. Although at 
first sight it could seem that all type III and N solutions of the Einstein gravity 
are also solutions of the Einstein-Weyl gravity since the last term in the action 
(4.10) vanishes for these Weyl types such reasoning is incorrect. In the following 
sections, we will thus study type III and N solutions of the field equations of 
general quadratic gravity (4.4) in detail. It will be shown, for instance, that apart 
from a subclass of type III Einstein spacetimes that are solutions of quadratic 
gravity with arbitrary parameters of theory, there exist a subclass of type III 
Einstein spacetimes that do not satisfy the field equations if the Gauss-Bonnet 
term is present in the action (4.1), i.e. 7 7^ 0. 

The field equations of quadratic gravity (4.4) are very complex and a direct 
approach to finding exact solutions seems to be hopeless, therefore, so far the 
known solutions of quadratic gravity has been obtained mostly by means of an 
appropriate ansatz for the metric inspired by the form of known solutions in the 
Einstein theory. Apart from the recently found AdS-wave solution of general 
quadratic gravity in arbitrary dimension [7 1] using the Kerr-Schild ansatz, at 
least to the author's knowledge, previously known exact solutions of quadratic 
gravity belong only to one of two subclasses with either ■j = 0oTa = (3 = 0. 
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In the former case 7 = 0, few exact solutions are known. Four-dimensional 
plane wave spacetimes have been analyzed in [85]. It has turned out that such 
solutions with null radiation in a theory with /3 = are the same as in the 
Einstein gravity, whereas if /3 7^ 0, an additional condition is imposed on the null 
radiation term. Note that this is in accordance with our more general results in 
section 4.2. A perturbative solution of the field equations has been used in [86] to 
compare gravitational waves in the linearized quadratic gravity with those in the 
linearized Einstein gravity. It has been shown that the corrections to amplitude 
depend on the parameter /5 and the angular frequency of the wave but not on 
a. Charged black holes were also studied within this subclass of theories. It has 
been pointed out in [87] that the four-dimensional Reissner-Nordstrom solution 
of the Einstein field equations is a solution of quadratic gravity if /3 = 0. 

In the case a = /3 = corresponding to the Einstein-Gauss-Bonnet gravity, 
much more exact solutions have been found. The spherically symmetric solutions 
in this theory consist of two branches, asymptotically Schwarzschild black holes 
with a positive mass parameter and asymptotically Schwarzschild-AdS space- 
times with a negative one [S^n]. Both are included in the more general solution 
found in [89] using the Kerr-Schild ansatz with an (anti-)de Sitter background 
metric in the spheroidal coordinates. However, this solution does not represent ro- 
tating black hole solutions which have been so far studied only numerically [90-92] 
or in the limit of small angular momentum [93]. 

In the following section, we employ a different strategy to find a solution. In 
section 4.1, we determine under which conditions known solutions of the source- 
free Einstein theory solve also the field equations of quadratic gravity and in 
section 4.2 we find explicit solutions of reduced field equations assuming a special 
form of the Ricci tensor. 



4.1 Einstein spacetimes 

One of the approaches which may lead to the simplification of the very complex 
field equations of quadratic gravity (4.4) is to assume a special form of the Ricci 
tensor. Let us first study the simplest case of such a form, i.e. Einstein spacetimes 

2A 

Rah = ^9ab, (4.11) 

n — 2 

as exact solutions to quadratic gravity. 

One may substitute the expression of the Riemann tensor in terms of the Weyl 
tensor (1.31) 

2 2 

Rabcd = Cabcd H -{ga[cRd]b " gb[cRd]a) — 7 7T7 Rd a[cg d]b , (4-12) 

n — 2 [n — lj{n — 2) 
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along with the Ricci tensor (4.11) and the corresponding scalar curvature R = 
to the field equations (4.4). Since the Weyl tensor is traceless its contrac- 
tions with the metric vanish and (4.4) reduces to the simple form 

Bgab - 7 (c/'^^acde - \gabC^'^C,def^ = 0, (4.13) 

with the constant factor B given only by the effective cosmological constant A, 
parameters of theory a, /3, 7, k, Aq and dimension of spacetime n as 

B=^^^ + eA\ (4.14) 
2k, 

where 

(n-A) , (n-3)(n-4) 

Obviously, in the special case 7 = 0, i.e. when the Gauss-Bonnet term is 
not present in the action (4.1), all Einstein spacetimes (4.11) with a cosmological 
constant A solve the field equations of quadratic gravity (4.4) provided that S = 0. 

The condition i3 = appears several times in this chapter and, in fact, it is 
a quadratic equation determining the effective cosmological constant A in terms 
of the parameters of particular theory a, /3, 7, k, Aq. In four dimensions, e = 
and then (4.14) implies that S = admits only one root A = Aq. In dimension 
> 4, there are two possible roots 

A = -T^(l± Vl + 8«:eAo), (4.16) 

where the Einstein constant k in our convention is assumed to be positive. In the 
case that 1 + SkcAq = 0, the unique solution is A = 2Ao. If i3 = admits two 
roots, the following combinations of their signs depending on the parameters of 
the theory are possible: 

• if Ao < then either 

1. < 4Ke < — when both roots A are negative, or 

2. 4^6 < when one root is positive and the other is negative. 

• If Ao = then one of the roots is zero A = and the sign of second root 
A = — ^ is either positive or negative depending on the sign of e. 

• If Ao > then either 

1. > 4fi;e > when both roots are positive, or 



Chapter 4. Quadratic gravity 



99 



2. 4/te > when one root is positive and the other is negative. 

Finally, if 1 + 8neAo < then B = does not admit any real root. Obviously, 
the same discussion also applies to the possible signs of cosmological constants of 
two conformally flat vacua of quadratic gravity since in that case the Weyl tensor 
vanishes. 

Note also that in four dimensions the Gauss-Bonnet term is purely topolog- 
ical and does not contribute to the field equations (4.4). The assumption that 
the spacetime is Einstein leads to (4.13) effectively with 7 = and thus B = 0. 
For n = 4, from (4.15) it follows that e = and then (4.14) implies that the 
cosmological constants A and Aq have to be equal. In other words, all four- 
dimensional Einstein spaces with A = Aq are solutions of the field equations of 
quadratic gravity (4.4). In fact, it has been already pointed out in [71], where 
the four-dimensional action of quadratic gravity has been studied, that the corre- 
sponding field equations reduce for Einstein spaces to the Einstein field equations. 
At the level of the Weyl tensor, this can be seen as a consequence of the iden- 
tity C^'^'^^Chcde = idabC'^'^^^Ccdef which holds in four dimensions but is not valid 
without additional restrictions in dimension n > 4 [!) 1] . 

In the rest of this chapter, we study the conditions under which (4.13) can be 
satisfied in a general case 7 7^ in arbitrary dimension. Thus we will look for 
various classes of spacetimes satisfying C^'^'^^Cbcde = ^dabC'^'^'^-^Ccdef- 

4.1.1 Type N Einstein spacetimes 

Now we show that the relation C^'^'^'^Cbcde = \gabC'^'^^^ Ccdef holds for Weyl type 
N spacetimes since both sides vanish. The Weyl tensor expressed in the frame 
(1.8) has only boost weight —2 components in the decomposition (1.34), i.e. 

Ca6ed = 4%.£{,m\W,|, (4.17) 

where we adopt more compact notation Vt^^ = Cmj from [0')]. Note that the 
null vector £ is a multiple WAND and fl'^j is symmetric and traceless. Obviously, 
the following contractions of the Weyl tensor appearing in the field equations of 
quadratic gravity for Einstein spacetimes (4.13) vanish 

C^^'^'Cbcde = C'^^'^C^def = (4. 18) 

and thus we are left with the algebraic constraint B = which, similarly as in 
the case of (A)dS vacua, prescribes two possible effective cosmological constants 
A of the solution for given parameters a, /3, 7, k, Aq. Therefore, 

Proposition 10 All Weyl type N Einstein spacetimes (4.11) in arbitrary dimen- 
sion with appropriately chosen effective cosmological constant A (4.16) are exact 
solutions of the vacuum field equations of quadratic gravity (4.4). 
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Note that in the special case of Ricci-fiat spacetimes A = in the Gauss- 
Bonnet gravity a = (3 = with vanishing cosmological constant Aq = this 
result has been already pointed out in ['.ii')]. 

We can also relate the result of proposition 10 with chapter 2 using the state- 
ment of proposition 4. It follows that all non-expanding Einstein GKS spacetimes 
(2.11) with a cosmological constant (4.16) are consequently solutions of the field 
equations of quadratic gravity. 

Let us briefly overview known type N Einstein spacetimes in higher dimen- 
sions. The multiple WAND of such spacetimes is always geodetic. This was 
shown in [ ] for the Ricci-flat case where the Bianchi identity (B.9) in [ ] leads 
to CijiyLfcjo = which then implies that the WAND £ is geodetic. Although 
it is obvious from (2.74), (2.76) and (2.77) that the Riemann tensor of type N 
Einstein spacetimes not only has Rmj components as in the Ricci-flat case but 
also -Roioi, Roiij and Rijki are non-zero. Still, the Bianchi identity (B.9) in [_] 
reduces to the equation CmyLkp = as well and one may follow the same steps 
as in [2] to show immediately that the WAND is geodetic. Moreover, without 
loss of generality, one may assume the geodetic WAND is affinely parametrized. 

In an appropriately chosen frame the optical matrix Lij of type N Einstein 
spacetimes consists of just one block 2 x 2 [ ] 



Lij 



/ s a 





\ 


—a s 




[ ' 





/ 





(4.19) 



From the definition of the optical scalars (1.23) follows that the expansion, shear 
and twist are given by 

9 = -^—s, = 2^^— ^s^, co^ = 2a^ (4.20) 

n — 2 n — 2 

respectively. Type N Einstein spacetimes can be thus further classified according 
to the optical properties of the multiple WAND. 



Type N Einstein Kundt spacetimes 

The Kundt class is defined as spacetimes admitting a non-expanding 6 = 0, non- 
shearing = and non-twisting = geodetic null congruence £, in other 
words, the optical matrix vanishes, Lij = 0. Spacetimes belonging to this class 
can be described by a metric of the form [37, 40] 



ds^ = 2du [dv + H{u, v, x^) du + Wi{u, v, x^) dx'] + gij{u, x^) dx' dx^ . (4.21) 
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In general, higher dimensional Einstein Kundt metrics are of Weyl type II or more 
special [3] and the functions if, Wi and gij have not been expressed explicitly in 
the literature for the Weyl type N yet. However, the situation differs for Ricci-flat 
Kundt metrics of types N and III where one can set [38] 

g,,{u,x'') = 6,, (4.22) 

and the corresponding functions Wi and H for Weyl type N are given in (2.98) and 
(2.99). In four dimensions, all type N Kundt metrics are completely known [43] 
and given by (2.103), (2.104) and (2.106). 

As we have already mentioned, non-expanding Einstein GKS spacetimes (2.11) 
discussed in section 2.5 solve the field equations of quadratic gravity since they 
belong to this class of spacetimes. 

Further details and examples of type N Kundt metrics can be found, for 
instance, in section 2.5.1 and in [37,39]. In section 2.5.2, the Brinkmann warp 
product is used to generate new Einstein type N Kundt metrics from the known 
ones. 



Expanding, non-twisting type N Einstein spacetimes 

In four dimensions, expanding 6^0 and non-twisting u"^ = type N Ein- 
stein metrics are necessarily shear-free due to the Goldberg-Sachs theorem. This 
fact follows also immediately from (4.20). Therefore, such metrics belong to 
the Robinson-Trautman class and are completely known [97], see also [13] and 
references therein. 

In contrast, for type N Einstein spacetimes in dimension > 4, it follows from 
(4.20) that non-vanishing expansion 6^0 implies non-zero shear > 0. Higher 
dimensional metrics belonging to this class of spacetimes can be constructed by 
warping four-dimensional type N Einstein Robinson-Trautman metrics [97] 

ds^ = —2'ip du dr + 2r^(da:;^ -|- dy'^) — 2r(2r/i -|- ex) du dx 
- 2r(2r/2 + ey) du dy + 2{4jB + A) du^ 

with 

A = \e\x' + y^) + e{hx + hy)r + {fl + /|)r^ 

B = -]-e-rdJi + \Kr^il^, (4.24) 
2 o 

ij = l + ]^e{x^ + y^), 

where e = ±lorO,Aisa four-dimensional cosmological constant and the func- 
tions fl = fi{x,y) and /2 = f2{x,y) are subject to 

dji=dj2, dyh = -dj2- (4.25) 



(4.23) 
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4.1. Einstein spacetimes 



Then the five-dimensional metric takes one of the forms (1.40), (1.41), (1.43)- 
(1.45) depending on the signs of A and A, where A = |^ and the five-dimensional 
cosmological constant A obeys |A| = 2|A|. Whereas, in the case A = 0, A > 0, 
the metric is given by (1.44) with A = 3. 



Twisting type N Einstein spacetimes 

Very few four- dimensional exact solutions of Einstein gravity within this class are 
known. This includes the Ricci-fiat Hauser metric [Jb] and the Leroy metric [""] 
for a negative cosmological constant, see also [9]. 

As in the previous case, higher dimensional solutions in this class can be 
constructed from four-dimensional twisting solutions using the Brinkmann warp 
product. An example of such warped spacetimes can be obtained using the Leroy 
metric in the form given in [ 16] as a seed. Since the cosmological constant of the 
seed metric is negative, there is just one possibility of the sign of the cosmological 
constant of the warped metric and thus we employ (1.43). After the substitution 
z = \/—\z, the five-dimensional metric reads 



ds^ 



1 



— A|/2 cos^ z 



-{dx + du) [Qy dr + y^{l — r^) du 



+ (13 - r^) dx + 12r dy] + 3{r^ + 1) (dx^ + dy^) + Qdz^ 



(4.26) 



where A = 6A < is a five-dimensional cosmological constant. 



4.1.2 Type III Einstein spacetimes 

In general, for type III Einstein spacetimes the term CJ^'^'^Chcde — \gabC'^'^^^ Ccdef 
in (4.13) does not vanish as in the case of Weyl type N. Using the compact 
notation [95] 

% ^ Con, = Cujk, ^ Cuij, (4.27) 

where 

"^[jk = -^W, %M = 0, ^[ = K^k, (4.28) 
the Weyl tensor of type III can be expressed from (1.34) as 

Cabcd = m\ii^andcm% + 4*^fc£|„m>>^| + 4fi^£|„m*bW4- (4-29) 
Obviously, C^'^^^ Ccdej vanishes and if we define \E' as 



^ = -^%k%k - 



(4.30) 
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then 

C/'^^acde = ^iah. (4.31) 

Therefore, in the case of Weyl type III, one may further simphfy the field equa- 
tions of quadratic gravity for Einstein spaces (4.13) to the form 

Bgab - l^Lh = 0. (4.32) 

The trace of (4.32) implies B = 0, which again determines two possible effective 
cosmological constants A for the given parameters of theory, and subsequently it 
remains to satisfy \^ = 0. 

Proposition 11 Weyl type III Einstein spacetimes with an effective cosmological 
constant A subject to (4.16) are exact solutions of the vacuum field equations of 
quadratic gravity (4.4) if and only if'^ = 0. 

From (4.28) it follows that in four dimensions \1/ = 0. This is in agreement with 
the already mentioned statement that all four-dimensional Einstein spacetimes 
with an appropriate cosmological constant are solutions of quadratic gravity since 
in this case effectively 7 = in (4.13). 

A wide class of higher dimensional Einstein spacetimes with \l/ = can be 
obtained by using the Brinkmann warp product. In order to show that we start 
with the following observation. The components of the Weyl tensor of the seed 
ds^ and warped metric ds^ (1-37) expressed in coordinates x"' = {z, x^) are related 
by [17] 

C^upa fC^i/pa-, Czfj,up C zpzu 0- (4.33) 

Raising the indices by the corresponding metrics, it then follows that the con- 
tractions C^'^'^^Cbcde are given by 

^ Crupa = ~f^^^ ^ Crupo-y (4.34) 

with all 2;-components being zero. 

Let us also recall that the Brinkmann warp product preserves the Weyl type 
of algebraically special spacetimes. Therefore, if one takes an arbitrary four- 
dimensional type III Einstein metric as a seed, for which C^^^^Crvpa = holds 
identically, then the warped metric represents a type III Einstein spacetime with 
^ = and thus, by proposition 11, it is also an exact solution of the field equations 
of quadratic gravity (4.4) provided that the effective cosmological constant A 
satisfies (4.16). A few examples of such twisting and non- twisting type III Einstein 
spacetimes obtained by the Brinkmann warp product are given in [hi]. 

It should be emphasized that in contrast with the type N case, there exist type 
III Einstein spacetimes which are not solutions of quadratic gravity. For instance, 
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4.1. Einstein spacetimes 



^ is clearly non-vanishing for the type Ill(a) subclass of type III spacetimes 
characterized by \E'^ = [5]. Type Ill(a) Kundt spacetimes with null radiation 
given in [38] contain type Ill(a) Ricci-flat metrics (4.21), (4.22) with a covariantly 
constant null vector, where 

H = H{u, x''), W2 = 0, Wi = W,{u, x''), 

W% = 0, W],^ = AW^, (4.35) 

AH - ^{W',j - Wj,i){W''^ - W^'') - W% = 0. 

Here the indices i, j run from 3 to n — 1 and necessarily at least one of the 
components Cikji = |(W^«j — W^j,j),a: has to be non- vanishing, otherwise the metric 
reduces to Weyl type N. An explicit five-dimensional example of such pp-wave 
metric is given by [27] 

W2 = 0, W3 = h{u)x^x\ W4 = /i(m)xV, (4.36) 



H = Ho = h{u 



,2 



^^[{x'Y+{x'Y)+h\x\x\x') 



(4.37) 



where /i°(x^, x^, x"^) is subject to Ah^ = 0. In fact, all type III Ricci-fiat pp- 
waves belong to the type III (a) subclass since the existence of the covariantly 
constant null vector i implies Cabcd^"' = and thus \E''j vanishes. Therefore, type 
III Ricci-flat pp-waves are not solutions of quadratic gravity. 

Motivated by the above results we naturally introduce two new subclasses of 
the principal Weyl type III, namely type III (A) characterized by 7^ and type 
III(B) defined by \^ = 0. Obviously, type Ill(a) is a subclass of type III(A) since, 
as already mentioned, ^ = ^'^'ijk'^ijk 7^ in this case. 



4.1.3 Comparison with other classes of spacetimes 

It is of interest to compare the set of exact solutions of quadratic gravity (QG) 
with other overlapping classes of spacetimes. Namely, spacetimes with vanish- 
ing curvature invariants (VSI) [ ], spacetimes with constant curvature invariants 
(CSI) [■'"], Kundt subclass of CSI (KCSI), pp-waves which will be denoted as 
ppN, ppIII, etc., depending on a particular Weyl type, and universal metrics (U) 
for which quantum corrections, i.e. all symmetric covariantly conserved tensors of 
rank 2 constructed from the metric, Riemann tensor and its covariant derivatives, 
are a multiple of the metric [100, 101]. Einstein or Ricci-flat subclasses of these 
sets will be indicated by the appropriate subscript, for instance, QGe and QGrf. 

The class of pp-waves is defined geometrically as spacetimes admitting a co- 
variantly constant null vector field, say £, and thus ia;b = 0. It then follows from 
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the definition of the Riemann tensor that Rabcd^"" = 0. The contraction with 
respect to the second and fourth index yields i?ob = 0, where we identify ■£ with 
the corresponding null frame vector (1.8). On the other hand, in the case of Ein- 
stein spaces, the frame component of the Ricci tensor i?oi is proportional to the 
cosmological constant -Rqi = therefore Einstein pp-wmes do not admit 

non-vanishing A, i.e. ppE = PPrf- In the Ricci-flat case, the Weyl tensor is given 
exactly by the Riemann tensor and thus for pprf we obtain Cabcd^"" = 0. In four 
dimensions this corresponds to the Bel criterion ensuring that the spacetime is of 
type N, whereas, in higher dimensions, it implies that the spacetime is of Weyl 
type II or more special. 

We will consider n > 4 since in four dimensions all pprf are of type N and as 
discussed above all Einstein spacetimes with A = Aq belong to QG which leads 
to a considerable simplification. 

From the definition of U, it is obvious that U C QG since the action of 
quadratic gravity (4.1) contains quantum corrections only up to the second order 
in curvature. The results of [ 1] that VSI spacetimes are of Weyl type III or more 
special and admit a congruence of non-expanding, non-shearing and non-twisting 
null geodesies and thus belong to the Kundt class imply VSI C KCSI. All pp- 
waves from the set ppN^p U PpHIrf belong to VSI, whereas, as was shown above, 
PPIIIrf n QG is and therefore VSIrf ^ QG and pprf ^ QG. It also holds that 
PPrf ^ VSI since ppIIrf solutions exist in higher dimensions. 

Recently, it was conjectured in [101] that U C KCSI. Obviously, ppIIIrf are 
examples of spacetimes which are VSI and thus KCSI but not U. However, note 
that QGe ^ CSI since examples of QGe metrics with non-vanishing expansion 
mentioned in this section have in general non-trivial curvature invariants [ 16] . 



4.2 Spacetimes with aligned null radiation 

One may attempt to find a wider class of solutions of quadratic gravity considering 
more general form of the Ricci tensor than for Einstein spacetimes (4.11) but still 
sufficiently simple to considerably reduce the field equations (4.4). Therefore, we 
will assume that the Ricci tensor contains an additional aligned null radiation 
term 

2A 

Rab = 7;9ab + Wb. (4.38) 

n — 2 

Then the contracted Bianchi identities V^Rab = ^V^-R imply that the null radi- 
ation term has to be covariantly conserved {^i°'i^).a = 0, which one may rewrite 
using the derivatives (1.17) and the optical scalars (1-25) as 



[D<l> + $(n - 2)6] £a + = 0. 



(4.39) 
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4.2. Spacetimes with aligned null radiation 



We identify i. with the corresponding null frame vector (1.8) so that the contrac- 
tion of (4.39) with the vector m^*^ implies L^o = in terms of the Ricci rotation 
coefficients (1.13). Therefore, i has to be geodetic and, without loss of generality, 
we choose i to be affinely parametrized. Consequently, the contraction of (4.39) 
with the frame vector n yields 

D$ = -(n-2)e$. (4.40) 

Now, following the same steps as for Einstein spaces in section 4.1, we express 
the field equations (4.4) in terms of the Weyl tensor and the Ricci tensor (4.38) 
and simplify them using the tracelessness of the Weyl tensor and the fact that i. 
is a null vector 



+ 2^(/3- 2^7) Cacbdti'' = 0, 



(4.41) 



where A is defined as 

. 1 f na (5 (n-3)(n-4) \ 

and B is given by (4.14). If the Weyl tensor is of type III or more special then 
the last term in (4.41) vanishes and one may rewrite (4.41) using ^ (4.31) as 

(/?□ + ^)($44) - 2Bgab + 27^£a4 = 0. (4.43) 

From now on, we restrict ourselves to spacetimes with \1' = 0. The trace of 
(4.43) yields i3 = which again determines two possible effective cosmological 
constants A via (4.16). The remaining part of (4.43) reads 

(/3n + ^)($44) = 0. (4.44) 

Using the notion of the subclasses III(A) and III(B) of the Weyl type III defined 
at the end of section 4.1.2, we arrive to 



Proposition 12 All spacetimes of Weyl types III(B), N and O with the Ricci 
tensor of the form (4.38) are vacuum solutions of quadratic gravity provided that 
B = Q and the null radiation term ^iah satisfies (4.44). 

It should be emphasized that these spacetimes with a null radiation term in 
the Ricci tensor, i.e. solutions of the non-vacuum Einstein field equations, are 
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solutions of the vacuum field equations of quadratic gravity without any matter 
field terms in the action. 

Let us briefiy comment the special case /3 = 0. Then it follows that both A 
(4.42) and B (4.14) have to vanish and from these relations, one may eliminate 
the parameter 7 to obtain 

^^^A^ - A + 2Ao = 0. (4.45) 

Therefore, the effective cosmological constant A is determined only by the param- 
eters a, K and Aq. If the constraint on A (4.45) admits a real solution then the 
remaining parameter 7 is subject to ^ = or = 0. In other words, for special 
values of the parameters a, 7, k and Aq of a theory with (3 = 0, all spacetimes 
of Weyl types III(B), N and O with the Ricci tensor of the form (4.38) with an 
arbitrary $ and an effective cosmological constant A given by (4.45) are exact 
solutions of quadratic gravity. However, none of such spacetimes with null radi- 
ation satisfies the field equations of quadratic gravity if ^ 7^ 0, which occurs, for 
instance, in the case A = 0. For the pure Gauss-Bonnet gravity a = (3 = 0, this 
implies that if A = 2Ao following from (4.45) and simultaneously 

(n-2)(n-l) 1 
^~~(n-3)(n-4) SAofi:' ^^'^^^ 

then both A, B vanish and $ can be arbitrary, otherwise $ has to be zero in 
order to satisfy the field equations. 

Since we are interested in solutions of quadratic gravity with arbitrary pa- 
rameters we assume /3 7^ in the rest of this chapter. The contraction of (4.44) 
with the frame vectors £ and n gives 

^LijL.j = $[(«- 2)9^ + a^ + cu^] = 0, (4.47) 

where the optical matrix Lij is defined in (1.13) and the scalars 6, a and u (1.23) 
correspond to expansion, shear, and twist, respectively. This implies that the 
geodetic vector £ is non-expanding, 6 = 0, non-shearing, a = 0, and non-twisting, 
a; = 0, and thus the optical matrix vanishes Lij = 0. Then it immediately follows 
from (4.40) that D$ = 0, i.e. $ does not depend on an affine parameter along 
the null geodesies £. 



Proposition 13 All Weyl type III(B), N or conformally flat solutions of the 
source-free field equations of quadratic gravity (4.4) with (3^0 and the Ricci 
tensor of the form (4.38) belong to the Kundt class. 
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4.2. Spacetimes with aligned null radiation 



Note that in general, not only in quadratic gravity, conformally flat spacetimes 
with null radiation belong to the Kundt class as follows directly from the Bianchi 
identities. 

Contracting (4.44) twice with the frame vector n and substituting Lao = 0, 
i.e. £ being geodetic and affinely parametrized, Ljj = and D$ = 0, we obtain 
the remaining non-trivial frame component of (4.44) 



i \ 4A$ 
+ ALuL^u] + 2L[u]Mjj j + + Ap-^<^ = 0, 



(4.48) 



where we also employed the Ricci identities [3] and the commutators of the deriva- 
tives along the frame vectors (1.18). The Ricci rotation coeflicients Ln, Ln and 

i 

Mjk are deflned in (1.13). 

It has been shown in section 2.5 that one may always set the frame in Kundt 
spacetimes so that L^u] = 0, L12 7^ 0, = 0. For Kundt metrics in the canonical 
form (4.21), the natural frame with the geodetic WAND f^dx" = du as the null 
frame vector £ implies that the antisymmetric part of Lu vanishes 

Lm = iia-Mn^'ml,) = £[a,fe]n'^mf,) - rf,,]4n'^mf,) = 0, (4.49) 

since ia^b = in these coordinates and the Christoffel symbols are symmetric in 
the lower indices. However, Ljq are in general non-vanishing in this frame. Let 
us emphasize that this result does not depend on the choice of the frame vectors 
n and m^*-' and it can be used for further simpliflcation of (4.48). Moreover, one 
may rewrite 6i6i^ in terms of the d'Alembert operator to get 

4A$ 

□$ + 4Lii6i<l> + 2LiiLii$ + + Af3~^<l> = 0. (4.50) 

n — 2 

Note that, as argued under proposition 4, non-expanding GKS spacetimes 
(2.11) with the Ricci tensor of the form (4.38) belong to the Kundt class of Weyl 
type N. Therefore, such spacetimes with an appropriate effective cosmological 
constant A solve the fleld equations of quadratic gravity provided that the null 
radiation term ^iah satisfles (4.44) or equivalently (4.50) in the case L^n] = 0. 

Interestingly, if we assume that the function H of non-expanding GKS space- 
times with aligned null radiation is independent on an affine parameter along null 
geodesies of the Kerr-Schild congruence k = £, i.e. D'H = 0, and set L[ii] = 0, 
the corresponding Einstein fleld equations (2.81), (2.82), (2.92) reduce to 

^ A -17 

an + 4:Lu5i'H + 2LuLun + - = $. (4.51) 

n — 1 

Let us point out the similarity of (4.50) and (4.51) which effectively decouples 
these two equations and thus allows us to solve for H and $ independently. 
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4.2.1 Explicit solutions of Weyl type N 

In this section, we present a few examples of type N solutions of the field equations 
of quadratic gravity with the Ricci tensor of the form (4.38). We solve the cases 
with a vanishing and non-vanishing effective cosmological constant A separately 
since the form of all higher dimensional type N Kundt metrics with A = and 
aligned null radiation is explicitly known [3<S], whereas, in the case A 7^ we 
employ at least a particular example of such Kundt metrics known as the Siklos 
metric. 



Case A = 

Type N Kundt metrics with aligned null radiation and the vanishing cosmological 
constant A which belong to a subclass of VSI spacetimes, admit the form (4.21), 
(4.22). As in the Ricci-flat case discussed in section 2.5.1, these metrics can be 
split into two subclasses with vanishing (e = 0) and non-vanishing (e = 1) quan- 
tity LuLii. One may choose the same null frame as in (2.95) and, consequently, 
the Ricci rotation coefficients Lu, Ln and Lu are given as in (2.96). 

The constraints on the undetermined metric functions Wi and H imposed by 
the form of the Weyl tensor (4.17) and the Ricci tensor (4.38) differ from the 
Ricci-flat case since the null radiation term $ now occurs [38] 

= 0, W, = x^C,{u) + x'By,{u) , 

1 ^ ^ (4.52) 

H = H\u,x% AiJ°-^5^C|-25^4 + $ = 



in the case e = and 



2?) 7)2 



(4.53) 



in the case e = 1 , respectively. Where the indices z, J, ... range from 3 to n — 1 
and -Bpj] = in both cases. 

Now we determine the form of the function $. Obviously, = D$ = and 
thus $ does not depend on the coordinate v. In the Einstein gravity, no further 
conditions are imposed on $, whereas in quadratic gravity theory with /3 7^ 0, 
$ still has to satisfy (4.44) or equivalently (4.50) since L^u] = in our chosen 
frame. The latter one is simpler to express and leads directly to 

- ^$,2 + + («:/3)-^<f = 0. (4.54) 
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4.2. Spacetimes with aligned null radiation 



In the case e = 0, (4.54) reads 



A<l> + (/t/3)"^$ = 0. 



(4.55) 



Substituting (4.55) into (4.52), we obtain 




(4.56) 



where we define H^^ = — Thus, H^^ corresponds to a vacuum VSI 

solution of the Einstein gravity, i.e. it obeys (4.52) with $ = 0. 
Similarly, in the case e = 1, (4.54) reads 



Putting (4.57) to (4.53) and denoting H^^^ = — kI3^ gives the Einstein field 
equations for Ricci-fiat type N VSI metrics, i.e. (4.53) with $ = for H^^^ 



In other words, these steps may be performed backwards. We take an arbitrary 
vacuum type N VSI metric (4.21), (4.22) with Wi and $ = 0, i.e. a solution 
of the Einstein field equations (4.56) or (4.58), and independently find $ solving 
the corresponding equation (4.55) or (4.57), respectively. Therefore, we finally 
arrive at a solution of the field equations of quadratic gravity (4.4) represented 
by the metric (4.21), (4.22) with $ 7^ 0, = H^^^ + Kf3^ and W^ unchanged. 

Note that in this case where we assume A = the condition B = (4.14) 
determining the effective cosmo logical constant A in terms of the parameters a, /3, 
7, K, and Aq implies Aq = and therefore we are not able to satisfy the criticality 
condition (4.7), (4.8) by tuning the remaining parameters. 

Case A ^ 

One may perform a similar procedure also in the case of a non- vanishing effective 
cosmological constant A. Unlike in the previous case A = 0, to our knowledge a 
general form of the metric describing all type N Kundt spacetimes with A 7^ 
and aligned null radiation is not explicitly known. Therefore, we consider the 
n-dimensional Siklos metric [102] 




(4.57) 




(4.58) 



1 



[2du dv + 2H{u, v, x^) du^ + 5ij dx' dx^] , 



(4.59) 
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where 

2A 

^ = 7 Tv ^' ^ = ^""'> (4-60) 

[n — lj{n — 2) 

as an example belonging to this class of spacetimes. 

The Siklos metric is conformally related to pp -waves. However, note that 
the terms inside the parentheses correspond to the metric which describes all 
pp -waves only in four dimensions. In higher dimensions, this metric does not 
represent the pp -wave class completely and not even the type N pp -wave subclass. 

Obviously, the metric (4.59) takes the GKS form (2.11) since the first and 
third terms in the parentheses represent an anti-de Sitter background and du 
corresponds to the null vector. Then proposition 4 ensures that this metric is 
indeed of Weyl type N even if we admit an aligned null radiation term in the 
Ricci tensor as commented under this proposition. 

We need to split the Kerr-Schild term Tikakb dx"" dx^ = dv? into the vector 
k and the function 7/ so that k is affinely parametrized. The simplest way how 
to do that is to employ the coordinate transformation v = —Xvz^ to put (4.59) 
to the canonical Kundt form 



ds^ = 2du 



dv — —— du -\ dz 

Xz^ z 



-^drjdx'dxl (4.61) 



In this form, du corresponds to the congruence of non-expanding, non-shearing 
and non-twisting affinely parametrized null geodesies. Therefore, A; = kadx"" = du 
and "H = -^H. Furthermore, if we identify the Kerr-Schild vector k with the 
frame vector then from (4.49) follows that = 0. One may complete the 
frame by a natural choice of the remaining vectors 

1 H 

ia dx"- = du, Ua dx" = — — dv H — du, dx" = dx\ 

-Xz^ -Xz^ ' " ' (4.62) 

r da = -Xz^ d„ n^da = d^-H d,, m^,) = di. 

For the simplicity, we assume that D'H = 0, i.e. "H is independent on an affine 
parameter along the null geodesies k. On the other hand, using the frame (4.62), 
it follows that D'H = —Xz'^'H^^ and thus % and consequently H does not depend 
on the coordinate v. Therefore, we can use the Einstein field equations for non- 
expanding GKS spacetimes with aligned null radiation (4.51) which for the Siklos 
metric (4.59) leads to 

n — 2 

AH = (4-63) 

The condition on $ (4.50) for the metric (4.59) reads 

A(-Az2$) - (-Az'$)^^ - ^i-Xz^^) = 0, (4.64) 
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4.2. Spacetimes with aligned null radiation 



where we defined 



C = 2 + 



+ {n- l){na + (3) + {n - 3){n - 4)7 



(4.65) 



I3X 13 \2Xk 



Now we eliminate $ from (4.63) by combining (4.63) with (4.64) and denoting 
^vac = H - C'h^^. This leads to the vacuum ($ = 0) equation (4.63) for i/™'^ 



Therefore, we can take an arbitrary higher dimensional Siklos metric (4.59) 
obeying the vacuum Einstein field equations (4.66) and find a solution $ of (4.64). 
Then the metric (4.59) with H = + C~^2;^$, where the obtained $ enters 
also the corresponding Ricci tensor (4.38), satisfies the field equations of quadratic 
gravity (4.4). 

Unfortunately, this procedure cannot be performed for quadratic gravity the- 
ories with the parameters at critical points (4.7), (4.8). Since C = in these 
cases, we are not able to solve for $ and H independently. Instead, one has to 
find $ obeying (4.64) and then solve (4.63) for 1-L with the given $. 

Let us point out how the solution (4.59), (4.63), (4.64) is related to the AdS- 
wave solution that has been found in [ ] by direct substitution of the Siklos 
metric to the field equations of quadratic gravity (4.4). After necessary long 
calculations of the Riemann tensor and its various contractions, the authors of 
[71] have obtained the constraint for the function H which can be equivalently 
expressed from (4.63) and (4.64) eliminating $ 



AH 



vac 



n-2 




(4.66) 



z 




(4.67) 



In [74], it has been further integrated to get a particular solution. 



Chapter 5 

Conclusions and outlook 



In chapter 2, we have investigated GKS spacetimes (2.11) with an (anti-)de Sitter 
background in arbitrary dimension. It has turned out that the Kerr-Schild vector 
k is geodetic if and only if the boost weight zero component Too of the energy- 
momentum tensor vanishes as stated in proposition 1. It has been shown that the 
vector field k is geodetic in the background spacetime if and only if it is geodetic 
in the full spacetime and the same also holds for the affine parametrization. 
For GKS spacetimes with a geodetic Kerr-Schild vector k including Einstein 
spaces and spacetimes containing matter fields aligned with A; such as aligned 
Maxwell field or aligned null radiation, we have given the explicit form of the 
Ricci tensor and shown that the optical properties of the Kerr-Schild congruence 
k encoded in the optical matrix Lij in the full spacetime are same as those in 
the background spacetime. If k is geodetic then Tqi as well as the positive boost 
weight components of the Weyl tensor vanish and thus such GKS spacetimes are 
algebraically special, i.e. of Weyl type II or more special, see proposition 2. 

In section 2.5, we have focused on non-expanding Einstein GKS spacetimes. 
The Einstein field equations imply that these spacetimes belong to the Kundt 
class and are only of Weyl type N, see proposition 4. It has been pointed out that 
the same statement also holds if we admit null radiation term in the Ricci tensor 
and that the Kerr-Schild function l-i of non-expanding Einstein spacetimes is a 
linear function of the affine parameter r along the null geodesies k. We have also 
presented some known examples of non-expanding Einstein GKS spacetimes in 
section 2.5.1 and constructed some new ones in section 2.5.2 using the Brinkmann 
warp product. 

Expanding Einstein GKS spacetimes have been discussed in section 2.6. The 
compatible Weyl types are II or D with k being the multiple WAND as stated 
in proposition 5 and the corresponding optical matrix Lij satisfies the optical 
constraint (2.128) implying that Lij is a normal matrix and in an appropriate 
frame takes the block diagonal form consisting of 2 x 2 and identical 1x1 blocks 
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and zeros. This sparse form has allowed us to integrate the Sachs equation and 
explicitly express the r-dependence of the optical matrix Lij and subsequently of 
the Kerr-Schild function T-t and boost weight zero components of the Weyl tensor. 
The 2x2 blocks in the optical matrix correspond to planes spanned by pairs of the 
spacelike frame vectors in which the geodetic congruence k is twisting. Only if Lij 
is non-degenerate and does not contain any 2x2 block or if in even dimensions L^j 
contains only identical 2x2 blocks then the congruence k is non-shearing. It has 
been also shown that the rank of Lij is at least 2. Therefore, in four dimensions, 
the optical matrix consists of one 2x2 block or two identical 1x1 blocks which 
is in accordance with the Goldberg-Sachs theorem. Expressing the Kretschmann 
scalar, we have discussed presence of curvature singularities at the origin r = 
in section 2.6.4. It has turned out that there are three possible cases depending 
on the form of the optical matrix Lij. Namely, either no singularity is present or 
there is a point or Kerr-like singularity. In section 2.6.5, the analysis of expanding 
Einstein GKS spacetimes has been compared with the explicit example of the five- 
dimensional Kerr- ( ant i-)de Sitter black hole. We have established the null frame 
parallelly transported along the geodetic Kerr-Schild vector k and expressed the 
optical matrix. Using the results of section 2.6.4, we have discussed the presence 
of curvature singularities depending on the two rotation parameters of the black 
hole. 

In future work, the analysis of the GKS spacetimes could be extended to higher 
order theories of gravity such as the Gauss-Bonnet or more general Lovelock 
theories, some basic analysis in this field has been already done in [103] and the 
particular case of the GKS metrics in five- dimensional Gauss-Bonnet gravity has 
been studied in [89, 101]. It may be also useful to employ the GKS ansatz to 
investigate Weyl type D solutions of quadratic gravity and thus extend the work 
started in chapter 4. 

Higher dimensional GKS metrics could be also studied in the context of the 
Einstein-Maxwell theory. As has been mentioned above, the generalization of 
the four- dimensional Kerr-Newman black hole to higher dimensions using its KS 
form with the vector potential proportional to the Kerr-Schild vector k has failed. 
However, if one assumes the vector potential given by a linear combination of the 
Kerr-Schild vector k and a spacelike vector m, i.e. Aa = aka + Prria, where a and 
P are scalar functions then it can be shown that this choice is compatible with 
Too = Toi = if the relations (3.31) appearing in the analysis of xKS spacetimes 
hold. This suggests that a solution in the GKS form with this vector potential 
could be found if m corresponds to a 1 x 1 block in the optical matrix and thus 
does not lie in any plane in which k is twisting. 

In chapter 3, we have studied xKS spacetimes (3.1), i.e. an extension of the 
GKS ansatz where, in addition to the null Kerr- Schild vector A;, a spacelike 
vector field m appears in the metric. Unlike for GKS spacetimes, in general we 
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have obtained only the necessary condition for the component Tqq under which the 
Kerr-Schild vector k is geodetic, see proposition 6. However, if one appropriately 
restricts the geometry of the vectors k and m this condition becomes sufficient, 
see corollary 7. As for GKS spacetimes, the Kerr-Schild vector field k is geodetic 
and affinely parametrized in the background spacetime if it is geodetic and affinely 
parametrized in the full spacetime and vice versa. Similarly, if k is geodetic the 
optical matrices in both spacetimes are identical. In contrast with the GKS case, 
it has been shown that xKS metrics with a geodetic Kerr-Schild vector k are of 
Weyl type I or more special, as stated in proposition 8, and the components Roi 
of the Ricci tensor do not vanish identically. 

In section 3.3, we have restricted ourselves to Kundt xKS spacetimes and 
determined the r-dependence of the scalar function /C in the case of Weyl type 
II when the components Tqi vanish, see proposition 9. It has turned out that all 
VSI spacetimes belong to the xKS class of solutions and explicit examples with 
the corresponding forms of the function /C have been given. Higher dimensional 
pp -waves are of Weyl type II or more special and type HI and N Ricci-fiat pp- 
waves belong to the VSI and consequently to the xKS class. It has been also 
shown that type II CSI Ricci-fiat -waves admit the xKS form. However, it is 
not clear whether all Ricci-fiat pp -waves can be cast to the xKS form. 

An important example of an expanding xKS spacetime, namely the charged 
rotating CCLP black hole in five-dimensional minimal gauged supergravity, has 
been studied in section 3.4. In the case with the fiat background, we have estab- 
lished a null frame and expressed the optical matrix which interestingly satisfies 
the optical constraint (2.128). Non-vanishing boost weight 1 components of the 
Weyl tensor suggest that the CCLP black hole is in general of Weyl type Ij. In 
the uncharged case which corresponds to the Myers-Perry black hole and in the 
non-rotating limit, the metric reduces to the GKS form and is of Weyl type D. 

Although the necessary calculations are more involved than for GKS space- 
times, it is obvious that the Ricci and Riemann tensors of the xKS metrics dra- 
matically simplify if one assumes that the relations (3.30) restricting the geometry 
of the vectors k and m hold. The analysis of these simplified expressions is left 
for future work. 

In chapter 4, we have studied exact solutions of the field equations of quadratic 
gravity. In fact, we have determined under which conditions certain exact solu- 
tions of the Einstein theory solve also the source-free field equations of quadratic 
gravity. In the case of Einstein spacetimes, it has turned out that only the Gauss- 
Bonnet term in the action of quadratic gravity imposes an additional conditions 
on the Weyl types of a solution. If the Gauss-Bonnet term is not present, i.e. 
7 = 0, or in four dimensions when the Gauss-Bonnet term effectively vanishes 
then Einstein spaces of all Weyl types with an appropriate effective cosmological 
constant A given by i3 = (4.14) are solutions of quadratic gravity. Otherwise, 
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restricting ourselves to types III and more special, Einstein spacetimes only of 
Weyl types N or III(B) with an effective cosmological constant A given by = 
solve the field equations of quadratic gravity as stated in propositions 10 and 
11. The subclass III(B) of type III is defined via vanishing quantity \l/ (4.30) 
constructed from the Weyl tensor. Note that type III Einstein spaces belonging 
to the subclass denoted as III(A) are not solutions of quadratic gravity. More- 
over, the class of type III (A) spacetimes contains the class of III (a) spacetimes 
and therefore type III (a) Ricci-fiat Kundt metrics including all type III Ricci-fiat 
pp -waves do not solve the field equations of quadratic gravity. We have also re- 
ferred to known examples of higher dimensional type N metrics solving quadratic 
gravity and constructed some examples of type III solutions using the fact that 
the Brinkmann warp product of four-dimensional type III Einstein spacetimes 
leads to the five- dimensional type III(B) Einstein spacetimes. 

In section 4.2, we have found a wider class of solutions of quadratic gravity 
considering the Ricci tensor with an additional null radiation term aligned with 
a WAND. Restricting to the subclasses of type III with vanishing quantity 
i.e. types III(B), N and O, we have obtained the algebraic condition B = 
determining the effective cosmological constant A and also the constraint for the 
null radiation term which implies that the only allowed metrics belong to the 
Kundt class, see propositions 12 and 13. 

Recall that GKS spacetimes with null radiation belong to the type N Kundt 
class and thus solve the field equations of quadratic gravity with an appropriate A 
given by i3 = 0. In section 4.2.1, we have given explicit examples of such metrics 
with A = and A 7^ 0. Due to the similarity of the corresponding equations 
for the null radiation term $ and for the Kerr-Schild function H, we have been 
able to express two completely independent equations for $ and Hvnc, where T^vac 
corresponds to a Ricci-fiat or Einstein part of the solution. However, at critical 
points of quadratic gravity the equations for $ and "H cannot be separated in this 
way. 

In future work, type D solutions of quadratic gravity could be also studied, 
however, the significant simplification as in the type III cases does not occur and 
a non-trivial form of the Ricci tensor could be necessary. Therefore, it could 
be convenient to employ, for instance, the GKS ansatz. Note also that the field 
equations of quadratic gravity (4.43) for spacetimes of Weyl type III and the 
Ricci tensor with aligned null radiation can be also solved with the assumption 
\& 7^ 0, i.e. for spacetimes of type III(A). Therefore, unlike III(A) Einstein spaces 
which do not solve the field equations of quadratic gravity, type III (A) solutions 
of quadratic gravity with null radiation in the Ricci tensor could exist. 



Bibliography 



[1] R. Emparan and H. S. Reall, "Black Holes in Higher Dimensions," Living 
Rev. Rel. 11 (2008) 6, arXiv : 0801 . 3471 [hep-th] . 
http : //www . livingreviews . org/lrr-2008-6. 

[2] V. Pravda, A. Pravdova, A. Coley, and R. Milson, "Bianchi identities in 
higher dimensions," Class. Quant. Grav. 21 (2004) 2873-2898, 
arXiv:gr-qc/0401013 [gr-qc] . 

[3] M. Ortaggio, V. Pravda, and A. Pravdova, "Ricci identities in higher 
dimensions," Class. Quant. Grav. 24 (2007) 1657-1664, 
arXiv:gr-qc/0701150 [gr-qc]. 

[4] A. Coley, R. Milson, V. Pravda, and A. Pravdova, "Vanishing scalar 

invariant spacetimes in higher dimensions," Class. Quant. Grav. 21 (2004) 
5519-5542, arXiv:gr-qc/0410070 [gr-qc]. 

[5] A. Coley, R. Milson, V. Pravda, and A. Pravdova, "Classification of the 
Weyl tensor in higher dimensions," Class. Quant. Grav. 21 (2004) 
L35-L42, arXiv:gr-qc/0401008 [gr-qc]. 

[6] R. Milson, A. Coley, V. Pravda, and A. Pravdova, "Alignment and 

algebraically special tensors in Lorentzian geometry," Int. J. Geom. Meth. 
Mod. Phys. 2 (2005) 41-61, arXiv : gr-qc/0401010 [gr-qc]. 

[7] A. Coley, "Classification of the Weyl Tensor in Higher Dimensions and 
Applications," Class. Quant. Grav. 25 (2008) 033001, arXiv: 0710 . 1598 
[gr-qc] . 

[8] H. S. Reall, "Algebraically special solutions in higher dimensions," 
arXiv: 1105.4057 [gr-qc]. 

[9] H. Stephani, D. Kramer, M. A. MacCallum, C. Hoenselaers, and E. Herlt, 
Exact solutions of Einstein's field equations. Cambridge monographs on 
mathematical physics. Cambridge Univ. Press, 2003. 



118 



Bibliography 



[10] P.-J. De Smet, "Black holes on cylinders are not algebraically special," 
Class. Quant. Grav. 19 (2002) 4877-4896, arXiv:hep-th/0206106 
[hep-th] . 

[11] M. Godazgar, "Spinor classification of the Weyl tensor in five dimensions," 
Class. Quant. Crav. 27 (2010) 245013, arXiv: 1008.2955 [gr-qc] . 

[12] M. Ortaggio, "Bel-Debever criteria for the classification of the Weyl 
tensors in higher dimensions," Class. Quant. Grav. 26 (2009) 195015, 
arXiv: 0906. 3818 [gr-qc]. 

[13] V. Pravda, A. Pravdova, and M. Ortaggio, "Type D Einstein spacetimes 
in higher dimensions," Class. Quant. Grav. 24 (2007) 4407-4428, 
arXiv : 0704 . 0435 [gr-qc]. 

[14] M. Durkee and H. S. Reall, "A Higher dimensional generalization of the 
geodesic part of the Goldberg-Sachs theorem," Class. Quant. Grav. 26 
(2009) 245005, arXiv : 0908 . 2771 [gr-qc]. 

[15] H. W. Brinkmann, "Einstein spaces which are mapped conformally on 
each other," Math. Ann. 94 (1925) 119-145. 

[16] J. Podolsky and M. Ortaggio, "Robinson-Trautman spacetimes in higher 
dimensions," Class. Quant. Grav. 23 (2006) 5785-5797, 
arXiv : gr-qc/0605136 [gr-qc]. 

[17] M. Ortaggio, V. Pravda, and A. Pravdova, "On higher dimensional 

Einstein spacetimes with a warped extra dimension," Class. Quant. Grav. 
28 (2011) 105006, arXiv : 1011 . 3153 [gr-qc]. 

[18] T. Malek and V. Pravda, "Kerr-Schild spacetimes with an (A)dS 

background," Class. Quant. Grav. 28 (2011) 125011, arXiv: 1009 . 1727 
[gr-qc] . 

[19] T. Malek and V. Pravda, "Higher Dimensional Kerr-Schild Spacetimes 
with (A)dS Background," J. Phys.: Conf. Ser. 314 (2011) 012111. 

[20] R. P. Kerr and A. Schild, "Some algebraically degenerate solutions of 
Einstein's gravitational field equations," Proc. Symp. Appl. Math. 17 
(1965) 199-209. 

[21] R. P. Kerr, "Gravitational field of a spinning mass as an example of 
algebraically special metrics," Phys. Rev. Lett. 11 (1963) 237-238. 



Bibliography 



119 



[22] R. C. Myers and M. J. Perry, "Black Holes in Higher Dimensional 
Space-Times," Annals Phys. 172 (1986) 304. 

[23] P. C. Vaidya, "The Gravitational Field of a Radiating Star," Proc. Indian 
Acad. Scz. A33 (1951) 264. 

[24] B. R. Iyer and C. V. Vishveshwara, "The Vaidya solution in higher 
dimensions," Pramana 32 (1989) 749-752. 

[25] W. Kinnersley, "Field of an Arbitrarily Accelerating Point Mass," Phys. 
Rev. 186 (1969) 1335-1336. 

[26] M. Giirses and O. Sarioglu, "Accelerated charge metrics in D dimensions," 
Class. Quant. Grav. 19 (2002) 4249-4262, arXiv:gr-qc/0203097 
[gr-qc] . 

[27] M. Ortaggio, V. Pravda, and A. Pravdova, "Higher dimensional 
Kerr-Schild spacetimes," Class. Quant. Crav. 26 (2009) 025008, 
arXiv: 0808. 2165 [gr-qc]. 

[28] F. Tangherlini, "Schwarzschild field in n dimensions and the 

dimensionality of space problem," Nuovo Cim. 27 (1963) 636-651. 

[29] G. Gibbons and S. A. Hartnoll, "A Gravitational instability in higher 
dimensions," Phys. Rev. D66 (2002) 064024, arXiv:hep-th/0206202 
[hep-th] . 

[30] G. Gibbons, H. Lu, D. N. Page, and C. Pope, "The General Kerr-de 
Sitter metrics in all dimensions," J. Ceom. Phys. 53 (2005) 49-73, 
arXiv : hep-th/0404008 [hep-th] . 

[31] B. Carter, "Hamilton- Jacobi and Schrodinger separable solutions of 
Einstein's equations," Commun. Math. Phys. 10 (1968) 280. 

[32] S. Hawking, C. Hunter, and M. Taylor, "Rotation and the AdS/CFT 

correspondence," Phys. Rev. D59 (1999) 064005, arXiv:hep-th/98 11056 
[hep-th] . 

[33] K. Peelers, "A Field-theory motivated approach to symbolic computer 
algebra," Comput. Phys. Commun. 176 (2007) 550-558, 
arXiv:cs/0608005 [cs.SC]. 

[34] K. Peelers, "Introducing Cadabra: A Symbolic computer algebra system 
for field theory problems," arXiv:hep-th/0701238 [HEP-TH] . 



120 



Bibliography 



[35] N. Hamamoto, T. Houri, T. Oota, and Y. Yasui, "Kerr-NUT-de Sitter 
curvature in all dimensions," J. Phys. A A40 (2007) F177-F184, 
arXiv:hep-th/0611285 [hep-th] . 

[36] A. Coley, R. Milson, N. Pelavas, V. Pravda, A. Pravdova, and 
R. Zalaletdinov, "Generalizations of pp-wave spacetimes in higher 
dimensions," Phys. Rev. D67 (2003) 104020, arXiv : gr-qc/0212063 
[gr-qc] . 

[37] A. Coley, S. Hervik, and N. Pelavas, "On spacetimes with constant scalar 
invariants," Class. Quant. Grav. 23 (2006) 3053-3074, 
arXiv:gr-qc/0509113 [gr-qc]. 

[38] A. Coley, A. Fuster, S. Hervik, and N. Pelavas, "Higher dimensional VSI 
spacetimes," Class. Quant. Crav. 23 (2006) 7431-7444, 
arXiv:gr-qc/0611019 [gr-qc]. 

[39] A. Coley, A. Fuster, and S. Hervik, "Supergravity solutions with constant 
scalar invariants," Int. J. Mod. Phys. A24 (2009) 1119-1133, 
arXiv: 0707. 0957 [hep-th]. 

[40] J. Podolsky and M. Zofka, "General Kundt spacetimes in higher 

dimensions," Class. Quant. Crav. 26 (2009) 105008, arXiv: 0812. 4928 
[gr-qc] . 

[41] I. Ozsvath, I. Robinson, and K. Rozga, "Plane fronted gravitational and 
electromagnetic waves in spaces with cosmological constant," J. Math. 
Phys. 26 (1985) 1755-1761. 

[42] J. Bicak and J. Podolsky, "Gravitational waves in vacuum space-times 
with cosmological constant: 1. Classification and geometrical properties of 
nontwisting type N solutions," J. Math. Phys. 40 (1999) 4495-4505, 
arXiv:gr-qc/9907048 [gr-qc]. 

[43] J. B. Griffiths and J. Podolsky, Exact space-times in Einstein's general 
relativity. Cambridge monographs on mathematical physics. Cambridge 
Univ. Press, 2009. 

[44] M. Ortaggio, V. Pravda, A. Pravdova, and H. Reall, "On a 

five- dimensional version of the Goldberg-Sachs theorem." in preparation, 
2012. 

[45] R. A. Horn and C. R. Johnson, Matrix Analysis. Cambridge University 
Press, 1990. 



Bibliography 



121 



[46] M. Ortaggio, V. Pravda, and A. Pravdova, "Type III and N Einstein 
spacetimes in higher dimensions: General properties," Phys. Rev. D82 
(2010) 064043, arXiv : 1005 . 2377 [gr-qc] . 

[47] M. Giirses and O. Sarioglu, "Some further properties of the accelerated 
Kerr-Schild metrics," Gen. Rel. Grav. 36 (2004) 403-410, 
arXiv:gr-qc/0308020 [gr-qc]. 

[48] J. Podolsky, "Photon rockets moving arbitrarily in any dimension," Int. 
J. Mod. Phys. D20 (2011) 335-360, arXiv : 1006 . 1583 [gr-qc]. 

[49] P. C. Vaidya, "The external field of a radiating star in general relativity," 
Gurrent Sci. 12 (1943) 183. 

[50] L. K. Patel and L. Desai, "Higher dimensional Vaidya metric in Einstein 
and de Sitter background," Pramana 48 (1997) 819-824. 

[51] N. Ibohal and L. Kapil, "Charged black holes in Vaidya backgrounds: 
Hawking's Radiation," hit. J. Mod. Phys. D19 (2010) 437-464, 
arXiv: 1001.2616 [gr-qc]. 

[52] P. V. Bhatt and S. K. Vaidya, "Kerr-Schild type solutions of 
Einstein-Maxwell equations," Glass. Quant. Grav. 8 (1991) 1717. 

[53] L. Randall and R. Sundrum, "A Large mass hierarchy from a small extra 
dimension," Phys. Rev. Lett. 83 (1999) 3370-3373, 
arXiv : hep-ph/9905221 [hep-ph] . 

[54] L. Randall and R. Sundrum, "An Alternative to compactification," Phys. 
Rev. Lett. 83 (1999) 4690-4693, arXiv:hep-th/9906064 [hep-th] . 

[55] A. Chamblin, S. Hawking, and H. Reall, "Brane world black holes," Phys. 
Rev. D61 (2000) 065007, arXiv:hep-th/9909205 [hep-th]. 

[56] A. N. Aliev and D. K. Qiftgi, "A Note on Rotating Charged Black Holes 
in Einstein-Maxwell-Chern-Simons Theory," Phys. Rev. D79 (2009) 
044004, arXiv: 081 1.3948 [hep-th]. 

[57] Z.-W. Chong, M. Cvetic, H. Lii, and C. Pope, "General non-extremal 
rotating black holes in minimal five-dimensional gauged supergravity," 
Phys. Rev. Lett. 95 (2005) 161301, arXiv:hep-th/0506029 [hep-th]. 

[58] W. Chen, H. Lii, and C. Pope, "General Kerr-NUT-AdS metrics in all 
dimensions," Glass. Quant. Grav. 23 (2006) 5323-5340, 
arXiv : hep-th/0604125 [hep-th] . 



122 



Bibliography 



[59] W. Chen and H. Lii, "Kerr-Schild structure and harmonic 2-forms on 
(A)dS-Kerr-NUT metrics," Phys. Lett. B658 (2008) 158-163, 
arXiv: 0705. 4471 [hep-th] . 

[60] S.-Q. Wu, "General rotating charged Kaluza-Klein AdS black holes in 
higher dimensions," Phys. Rev. D83 (2011) 121502, arXiv : 1108 . 4157 
[hep-th] . 

[61] B. Ett and D. Kastor, "An Extended Kerr-Schild Ansatz," Class. Quant. 
Grav. 27 (2010) 185024, arXiv: 1002.4378 [hep-th]. 

[62] R. Emparan and H. S. Reall, "A Rotating black ring solution in five 

dimensions," Phys. Rev. Lett. 88 (2002) 101101, arXiv:hep-th/0110260 
[hep-th] . 

[63] V. Pravda and A. Pravdova, "WANDs of the black ring," Gen. Rel. Grav. 
37 (2005) 1277-1287, arXiv:gr-qc/0501003 [gr-qc] . 

[64] F. Priifer, F. Tricerri, and L. Vanhecke, "Curvature invariants, differential 
operators and local homogeneity," Trans. Am. Math. Soc. 348 (1996) 
4643. 

[65] T. Malek and V. Pravda, "Types III and N solutions to quadratic 
gravity," Phys. Rev. D84 (2011) 024047, arXiv: 1106.0331 [gr-qc]. 

[66] G. 't Hooft and M. Veltman, "One loop divergencies in the theory of 
gravitation," Annates Poincare Phys. Theor. A20 (1974) 69-94. 

[67] K. Stelle, "Renormalization of Higher Derivative Quantum Gravity," 
Phys. Rev. D16 (1977) 953-969. 

[68] K. Stelle, "Classical Gravity with Higher Derivatives," Gen. Rel. Grav. 9 
(1978) 353-371. 

[69] B. Zwiebach, "Curvature Squared Terms and String Theories," Phys. Lett. 
B156 (1985) 315. 

[70] M. Bento and O. Bertolami, "Maximally Symmetric Cosmological 

Solutions of higher curvature string effective theories with dilatons," Phys. 
Lett. B368 (1996) 198-201, arXiv:gr-qc/9503057 [gr-qc]. 

[71] H. Lu and C. Pope, "Critical Gravity in Four Dimensions," Phys. Rev. 
Lett. 106 (2011) 181302, arXiv : 1101 . 1971 [hep-th]. 



Bibliography 



123 



[72] S. Deser, H. Liu, H. Lu, C. Pope, T. C. Sisman, et ai, "Critical Points of 
D-Dimensional Extended Gravities," Phys. Rev. D83 (2011) 061502, 
arXiv: 1101.4009 [hep-th] . 

[73] M. Alishahiha and R. Fareghbal, "D-Dimensional Log Gravity," Phys. 
Rev. D83 (2011) 084052, arXiv: 1101 .5891 [hep-th]. 

[74] 1. Giillii, M. Giirses, T. Q. §i§man, and B. Tekin, "AdS Waves as Exact 
Solutions to Quadratic Gravity," Phys. Rev. D83 (2011) 084015, 
arXiv: 1102. 1921 [hep-th]. 

[75] Y. Pang, "Brief Note on AMD Conserved Quantities in Quadratic 

Curvature Theories," Phys. Rev. D83 (2011) 087501, arXiv : 1101 . 4267 
[hep-th] . 

[76] M. Porrati and M. M. Roberts, "Ghosts of Critical Gravity," Phys. Rev. 
D84 (2011) 024013, arXiv: 1104.0674 [hep-th]. 

[77] H. Liu, H. Lu, and M. Luo, "On Black Hole Stability in Critical 
Gravities," arXiv: 1104.2623 [hep-th]. 

[78] S. Deser and B. Tekin, "Energy in generic higher curvature gravity 
theories," Phys. Rev. D67 (2003) 084009, arXiv:hep-th/0212292 
[hep-th] . 

[79] D. Lovelock, "The Einstein tensor and its generalizations," J. Math. Phys. 
12 (1971) 498-501. 

[80] 1. Gullu and B. Tekin, "Massive Higher Derivative Gravity in 

D-dimensional Anti-de Sitter Spacetimes," Phys. Rev. D80 (2009) 064033, 
arXiv: 0906. 0102 [hep-th]. 

[81] R. Zegers, "Birkhoff 's theorem in Lovelock gravity," J. Math. Phys. 46 
(2005) 072502, arXiv : gr-qc/0505016 [gr-qc] . 

[82] J. Oliva and S. Ray, "Birkhoff's Theorem in Higher Derivative Theories of 
Gravity," Class. Quant. Grav. 28 (2011) 175007, arXiv: 1104. 1205 
[gr-qc] . 

[83] Y. Choquet-Bruhat, "The Cauchy problem for stringy gravity," J. Math. 
Phys. 29 (1988) 1891-1895. 

[84] P. Teyssandier and P. Tourrenc, "The Cauchy problem for the R+R**2 
theories of gravity without torsion," J. Math. Phys. 24 (1983) 2793. 



124 



Bibliography 



[85] M. Madsen, "The plane gravitational wave in quadratic gravity," Glass. 
Quant. Grav. 7 (1990) 87-96. 

[86] E. C. de Rey Neto, O. D. Aguiar, and J. C. de Araujo, "A Perturbative 
solution for gravitational waves in quadratic gravity," Glass. Quant. Grav. 
20 (2003) 2025-2031, arXiv:gr-qc/0304091 [gr-qc] . 

[87] A. Economou and C. Lousto, "Charged black holes in quadratic theories," 
Phys. Rev. D49 (1994) 5278-5285, arXiv : gr-qc/9310021 [gr-qc]. 

[88] D. G. Boulware and S. Deser, "String Generated Gravity Models," Phys. 
Rev. Lett. 55 (1985) 2656. 

[89] A. Anabalon, N. Deruelle, Y. Morisawa, J. Oliva, M. Sasaki, D. Tempo, 
and R. Troncoso, "Kerr-Schild ansatz in Einstein-Gauss-Bonnet gravity: 
An exact vacuum solution in five dimensions," Glass. Quant. Grav. 26 
(2009) 065002, arXiv : 0812 . 3194 [hep-th] . 

[90] Y. Brihaye and E. Radu, "Five-dimensional rotating black holes in 
Einstein-Gauss-Bonnet theory," Phys. Lett. B661 (2008) 167-174, 
arXiv: 0801. 1021 [hep-th]. 

[91] Y. Brihaye, B. Kleihaus, J. Kunz, and E. Radu, "Rotating black holes 
with equal-magnitude angular momenta in d=5 Einstein-Gauss-Bonnet 
theory," J HEP 1011 (2010) 098, arXiv : 1010 . 0860 [hep-th]. 

[92] Y. Brihaye, "Charged, rotating black holes in Einstein-Gauss-Bonnet 
gravity," arXiv: 1108.2779 [gr-qc]. 

[93] H. C. Kim and R. G. Cai, "Slowly Rotating Charged Gauss-Bonnet Black 
holes in AdS Spaces," Phys. Rev. D77 (2008) 024045, arXiv: 0711 . 0885 
[hep-th] . 

[94] D. Lovelock, "Dimensionally dependent identities," Proc. Gamh. Phil. 
Soc. 68 (1970) 345-350. 

[95] M. Durkee, V. Pravda, A. Pravdova, and H. S. Reall, "Generalization of 
the Geroch-Held-Penrose formalism to higher dimensions," Glass. Quant. 
Grav. 27 (2010) 215010, arXiv: 1002.4826 [gr-qc]. 

[96] A. Pravdova and V. Pravda, "Newman-Penrose formalism in higher 
dimensions: Vacuum spacetimes with a non-twisting multiple WAND," 
Glass. Quant. Grav. 25 (2008) 235008, arXiv : 0806 . 2423 [gr-qc]. 



Bibliography 



125 



[97] A. Garcia Diaz and J. F. Plebanski, "All nontwisting N's with 
cosmological constant," J. Math. Phys. 22 (1981) 2655. 

[98] 1. Hauser, "Type-N gravitational field with twist," Phys. Rev. Lett. 33 
(1974) 1112-1113. 

[99] J. Leroy, "Un espace d'Einstein de type N a rayons non integrables," C. 
R. Acad. Sc. Pans 64 (1970) 1078-1080. 

[100] A. Coley, G. Gibbons, S. Hervik, and C. Pope, "Metrics With Vanishing 
Quantum Corrections," Class. Quant. Grav. 25 (2008) 145017, 
arXiv: 0803. 2438 [hep-th] . 

[101] A. A. Coley and S. Hervik, "Universality and constant scalar curvature 
invariants," arXiv : 1105 . 2356 [hep-th] . 

[102] A. Chamblin and G. Gibbons, "Nonlinear Supergravity on a Brane 
without Compactification," Phys. Rev. Lett. 84 (2000) 1090-1093, 
arXiv:hep-th/9909130 [hep-th]. 

[103] B. Ett and D. Kastor, "Kerr-Schild Ansatz in Lovelock Gravity," JHEP 
1104 (2011) 109, arXiv: 1103.3182 [hep-th]. 

[104] A. Anabalon, N. Deruelle, D. Tempo, and R. Troncoso, "Remarks on the 
Myers-Perry and Einstein Gauss-Bonnet Rotating Solutions," hit. J. 
Mod. Phys. D20 (2011) 639-647, arXiv : 1009 . 3030 [gr-qc] . 



126 Bibliography 



List of Tables 



1.1 The conditions on the frame components of the Weyl tensor deter- 
mining primary algebraic type of a spacetime 10 

1.2 Allowed combinations of signs of the Ricci scalar R corresponding 
to the seed metric ds^ and of the Ricci scalar R corresponding to 

the warped metric ds^ (1-37) 13 

2. 1 Weyl types compatible with Einstein generalized Kerr-Schild space- 
times depending on the values of the expansion scalar 6 50 

3.1 Properties of higher dimensional Ricci-flat -waves 87 



